
Angular momentum

Generally the angular momentum of a point-like body is:

(similar to the definition of torque, replacing force with momentum)

The angular momentum vector changes under the influence of torque:

𝐿 = Ԧ𝑟 × Ԧ𝑝 = Ԧ𝑟 × 𝑚 Ԧ𝑣

Torque-angular momentum law:

If the position and velocity vectors are 

perpendicular, as for uniform circular motion:
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= Ԧ𝑟 × 𝑚 Ԧ𝑎 = Ԧ𝑟 × Ԧ𝐹𝑛𝑒𝑡 = Ԧ𝜏𝑛𝑒𝑡
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Moment of inertia

Special case: point mass moves at a constant distance around a fixed axis (circular motion)

Derivative of the angular momentum:

β is the angular acceleration, and the term mr2 is the moment of inertia of the point mass.

The moment of inertia for the center of mass is therefore:   ,

where r is the distance from the axis.

Using the torque-angular momentum law:

We get the fundamental equation of rotary motion:

The kinetic energy of the point mass:

𝐼 = 𝑚𝑟2

𝑑𝐿

𝑑𝑡
= 𝑚𝑟2

𝑑𝜔 𝑡

𝑑𝑡
= 𝐼𝛽 𝑡 = 𝜏

𝜏 = 𝐼𝛽

𝐸𝐾 =
1

2
𝑚𝑣2 =

1

2
𝑚𝑟2𝜔2 =

1

2
𝐼𝜔2



Movement of planets and moons

Suppose a body of mass m moves in the gravitational field of a body of much larger

mass (M). Since M is much larger than m, it can be considered stationary. e.g. Sun and 

Earth.

A body of mass m has EK kinetic energy and EP potential energy.

We take the zero point at infinity: EP = 0, if r → 

The mechanical energy:

EM = EP + EK

If EM  ≥ 0, then it is free (can move away to infinity)

- parabolic (EM  = 0 ) or hyperbolic trajectory

If EM  < 0, then it is bound (remains at a finite distance)

- circular or elliptical orbit

v < vcircle

v > vcircle

circle

ellipse

ellipse

hyperbola

Ԧ𝑣



Kepler’s 1st law

For bodies moving in a bound state in the gravitational field of a massive body (e.g. planets).

I. The orbits of the planets are ellipses, and the Sun is at one of its foci.

ellipse: points for which 𝑟1 + 𝑟2 = constant

𝑎2 = 𝑏2 + 𝑐2

a: semi-major axis

b: semi-minor axis

eccentricity: 𝑒 = 𝑐/𝑎
0 < 𝑒 < 1

circle: e = 0

Earth’s orbit: e = 0.017

Mercury’s orbit: e = 0.21

Comet Halley: e = 0.97

Sun

aphelion

perihelion

For moons around planets: perigee and apogee



Kepler’s 2nd law

II. (Equal area law) The lines between the Sun and the planets sweep out

equal areas in equal times. Planets move faster near the perihelion.

It follows from the conservation of angular momentum: there is no torque

in a central force field.

𝐿 = constant

𝐿 = Ԧ𝑟 × Ԧ𝑝 = Ԧ𝑟 × 𝑚 Ԧ𝑣 = 𝑚(Ԧ𝑟 × Ԧ𝑣)

For its magnitude: 𝐿 = 𝑚 Ԧ𝑟 × Ԧ𝑣

In time 𝑑𝑡 the area 𝑑𝐴 is swept out:
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𝑑𝐴 =
𝐿

2𝑚
𝑑𝑡

𝑑𝐴

𝑑𝑡
=

𝐿

2𝑚
= constant



Kepler's 3rd Law

III. The cubes of the semi-major axes (a) of elliptical orbits are proportional to the

squares of the orbital periods (T) of the planets moving in the given orbits.

So for every planet (and any body) orbiting the Sun:

All three laws can be derived from Newton's laws and the Newtonian

force law of gravity.

Proof for a circular orbit: a = b = R

𝑎3
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Orbits of satellites



Low Earth orbit (LEO)

Circular orbits at altitudes between 160km and 2000km. For the ISS it is 408km.

The only force acting is gravity:

Ԧ𝐹𝑛𝑒𝑡 = 𝑚 Ԧ𝑎 = −𝑚𝑎𝑐𝑝 Ԧ𝑒𝑟

Ԧ𝐹𝑛𝑒𝑡 = Ԧ𝐹𝐺 = −𝐺
𝑀𝑚

𝑅 + ℎ 2
Ԧ𝑒𝑟

Ԧ𝑒𝑟

𝐺
𝑀

𝑅 + ℎ 2 = 𝑎𝑐𝑝 =
𝑣2

𝑅 + ℎ

𝐺𝑀

𝑅 + ℎ 2 = 𝜔2 𝑅 + ℎ =
4𝜋2

𝑇2
𝑅 + ℎ

𝑇2 =
4𝜋2

𝐺𝑀
𝑅 + ℎ 3

𝑇 =
2𝜋

𝐺𝑀
𝑅 + ℎ 3/2

Advantages:

- quick communication

- low launch cost

- high-resolution imaging

Disadvantages:

- orbital decay

- space debris

- atomic oxygen

- small viewing area



Geostationary orbit (GEO)

Circular orbit above the equator with exactly one day period.

equator

Advantages:

- large viewing area

- always above same spot

Disadvantages:

- lag because of distance

- crowded area

𝑇 =
2𝜋

𝐺𝑀
𝑅 + ℎ 3/2



Lagrange points

Equilibrium points in the Sun-Earth rotating reference frame.

Rotation center is the center of mass.

𝜑

𝑇 = 365.256 days
𝑅 = 𝑥𝑀 + 𝑥𝑚 = 149.6 ∙ 106 km

𝜇

Ԧ𝐹𝑐𝑓 = 𝜇𝑎𝑐𝑝 Ԧ𝑒𝑟 = 𝜇𝜔2𝑟 Ԧ𝑒𝑟 𝜔 =
2𝜋

𝑇

𝜇:mass of satellite

Effective potential energy of Ԧ𝐹𝑐𝑓, such that:

Ԧ𝐹𝑐𝑓 = −∇𝐸𝑃𝑐𝑓 = −Ԧ𝑒𝑟
𝜕𝐸𝑃𝑐𝑓

𝜕𝑟
− Ԧ𝑒𝜑
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𝜕𝐸𝑃𝑐𝑓

𝜕𝜑
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𝑚
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𝑚
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𝑚2 +𝑚𝑀
=
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𝐸𝑃𝑆 = −
𝐺𝑀𝜇

𝑟𝑀
𝐸𝑃𝐸 = −

𝐺𝑚𝜇

𝑟𝑚



Potential energy

𝜑

𝜇

𝜇:mass of satellite

𝑟𝑀
2 = 𝑟2 + 𝑥𝑀

2 − 2𝑟𝑥𝑀 cos 180° − 𝜑 =
= 𝑟2 + 𝑥𝑀

2 + 2𝑟𝑥𝑀 cos𝜑

𝑟𝑀 = 𝑟2 + 𝑥𝑀
2 + 2𝑟𝑥𝑀 cos𝜑

𝑟𝑚
2 = 𝑟2 + 𝑥𝑚

2 − 2𝑟𝑥𝑚 cos𝜑 =

𝑟𝑚 = 𝑟2 + 𝑥𝑚
2 − 2𝑟𝑥𝑚 cos𝜑

Total potential energy: 𝐸𝑃 = −
𝐺𝑀𝜇

𝑟𝑀
−
𝐺𝑚𝜇

𝑟𝑚
−
1

2
𝜇𝜔2𝑟2

Equilibrium points where ∇𝐸𝑃 = 0

∇𝐸𝑃 = Ԧ𝑒𝑟
𝜕𝐸𝑃
𝜕𝑟

+ Ԧ𝑒𝜑
1

𝑟

𝜕𝐸𝑃
𝜕𝜑

Using polar coordinates:

𝜕𝐸𝑃
𝜕𝑟

= 0 and
1

𝑟

𝜕𝐸𝑃
𝜕𝜑

= 0



Equations

𝐸𝑃 = −
𝐺𝑀𝜇

𝑟𝑀
−
𝐺𝑚𝜇

𝑟𝑚
−
1

2
𝜇𝜔2𝑟2

𝑟𝑀 = 𝑟2 + 𝑥𝑀
2 + 2𝑟𝑥𝑀 cos𝜑 𝑟𝑚 = 𝑟2 + 𝑥𝑚

2 − 2𝑟𝑥𝑚 cos𝜑

0 =
𝜕𝐸𝑃
𝜕𝑟

=
𝐺𝑀

𝑟𝑀
2

1

2𝑟𝑀
2𝑟 + 2𝑥𝑀 cos𝜑 +

𝐺𝑚

𝑟𝑚
2

1

2𝑟𝑚
2𝑟 − 2𝑥𝑚 cos𝜑 − 𝜔2𝑟

0 =
𝐺𝑀

𝑟𝑀
3 𝑟 + 𝑥𝑀 cos𝜑 +

𝐺𝑚

𝑟𝑚
3 𝑟 − 𝑥𝑚 cos𝜑 − 𝜔2𝑟

0 =
1

𝑟

𝜕𝐸𝑃
𝜕𝜑

=
1

𝑟

𝐺𝑀

𝑟𝑀
2

1

2𝑟𝑀
−2𝑟𝑥𝑀 sin𝜑 +

𝐺𝑚

𝑟𝑚
2

1

2𝑟𝑚
2𝑟𝑥𝑚 sin𝜑

0 =
𝑚

𝑟𝑚
3 𝑥𝑚 sin 𝜑 −

𝑀

𝑟𝑀
3 𝑥𝑀 sin𝜑 (2)

(1)

sin 𝜑 = 0 → 𝜑 = 0 and 𝜑 = πIn equation (2) solution when

These are points on the line connecting the Sun and Earth.

In equation (2), if sin𝜑 ≠ 0, it can be simplified: 

0 =
𝑚

𝑟𝑚
3
𝑥𝑚 −

𝑀

𝑟𝑀
3
𝑥𝑀 → 𝑟𝑚 = 𝑟𝑀

𝑥𝑀
𝑥𝑚

=
𝑚

𝑀
because



Solutions for L1, L2, L3

𝜑 = 0

𝜑 = 𝜋

𝜑 = 0𝜑 = 𝜋



Solutions for L4, L5

𝜑 = 𝜋/3 or - 𝜋/3



Locations

L1 and L2:

1.5 million km from Earth

L1 for solar observation

L2 for deep space infrared (JWST)

L3:

150 million km from center of mass

Sun blocks direct communication

Unstable points, station keeping is needed.

L4 and L5:

Forming equilateral triangle.

L4 is 60º ahead, L5 is 60º behind.

Stable for Sun-Earth pair.

𝑀

𝑚
> 24.96


