Angular momentum

Generally the angular momentum of a point-like body is: L = # x p =71 X (mv)
(similar to the definition of torque, replacing force with momentum)

If the position and velocity vectors are
perpendicular, as for uniform circular motion:

L=rmv=mrv=mror= m’r'zcu

The angular momentum vector changes under the influence of torque:

dZ_d( FX D) = dF><*+*><d17 = m(WXv+7rXd) =
dt—dtmT V)=m dt V7T dt—mv Vo-rrXa)=

dL

Torque-angular momentum law: | —— =
dt net




Moment of inertia

Special case: point mass moves at a constant distance around a fixed axis (circular motion)

L(t) = mriw(t)

o dL , dw(t) )
Derivative of the angular momentum: g Mt =mr B(t)

S is the angular acceleration, and the term mr? is the moment of inertia of the point mass.

The moment of inertia for the center of mass is therefore: I = mr? ,
where r is the distance from the axis.

dL , dw(t)

Using the torque-angular momentum law: oMt = IB(t) =1

We get the fundamental equation of rotary motion: 7 = If

P : : 1 2 1 2,.2 1 2
The kinetic energy of the point mass: Ex = oMy =omrie® = Elw



Movement of planets and moons

Suppose a body of mass m moves in the gravitational field of a body of much larger
mass (M). Since M is much larger than m, it can be considered stationary. e.g. Sun and

Earth.

A body of mass m has E, kinetic energy and E; potential energy.
We take the zero point at infinity: E; =0, if r — oo

parabola

The mechanical energy:

elllpse_ ; 3

V< Vcircle

‘ / v > Vcircle

If E,, >0, then it is free (can move away to infinity)

- parabolic (E,, = 0) or hyperbolic trajectory

If E,, <0, then it is bound (remains at a finite distance)
- circular or elliptical orbit

hyperbola



Kepler’s 1st law

For bodies moving in a bound state in the gravitational field of a massive body (e.g. planets).

I. The orbits of the planets are ellipses, and the Sun is at one of its foci.

ellipse: points for which r; + r, = constant
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h b: semi-minor axis
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For moons around planets: perigee and apogee o



Kepler’s 2nd law

I1. (Equal area law) The lines between the Sun and the planets sweep out
equal areas in equal times. Planets move faster near the perihelion.

It follows from the conservation of angular momentum: there is no torque
in a central force field.

For its magnitude: L = m|r X v

In time dt the area dA is swept out:

dA—ll*xd*l—1|*><*dt|—1|*><*|dt
—ZT 7"—2 1% —27" 1%
dA = L dt
- 2m




Kepler's 3rd Law

[11. The cubes of the semi-major axes (a) of elliptical orbits are proportional to the

squares of the orbital periods (T) of the planets moving in the given orbits.
3

So for every planet (and any body) orbiting the Sun: % = constant

All three laws can be derived from Newton's laws and the Newtonian
force law of gravity.
Proof for a circular orbit: a=b =R
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Orbits of satellites



Low Earth orbit (LEO)

Circular orbits at altitudes between 160km and 2000km. For the ISS it is 408km.

--------------------------------- The only force acting is gravity:

Fpet = md = —macye,
. . Mm
Fret = Fg = —Gmer
/ c M v
R+h)2 %" Rtn
M 241 =2 R+ 1)
R+m?z " E
Ar?
\\ Tz - — R + h 3
GM ( )
e . T = n R h 3/2
~~~~~~~~~~~~~~ i Disadvantages: = \/W( +h)
Advantages: =~ T - orbital decay
- quick communication - Space debris
- low launch cost - atomic oxygen

- high-resolution imaging - small viewing area



Geostationary orbit (GEQO)

Circular orbit above the equator with exactly one day period.

Satellite

Geostationary
orbit

2T

T = (R + h)3/?
VGM
Advantages: Disadvantages:
- large viewing area - lag because of distance

- always above same spot - crowded area



Lagrange points

Equilibrium points in the Sun-Earth rotating reference frame.
Rotation center is the center of mass.
otation center is the center of mass T = 365.256 days

Yy R =xy + x,, = 149.6 - 10° km
=4 - 2 - 277'-
Fer = uacpe, = pwre, w = -

Effective potential energy of ﬁcf, such that:

= - aE'PCf - 1aEPCf
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Potential energy

2 =12+ xy°% — 2rxy c0s(180° — @) =

=712 4 xy% + 21X COS @

g = T2 + X2 + 21%p COS @

T’ =712+ X% — 21X, COS @ =

= /12 + x,,2 — 21X, COS

Qun M ICM Am Earth "X

: GMu Gmu 1

Total potential energy: Ep = — il — pw?r?
v Tm 2
Equilibrium points where VE, = 0 IE, 10E,
| | 0B,  10E, | or 0 ™75 "
Using polar coordinates: VEp = e, —— + ¢,
ar Yr 6(,0 _




Equations

Ty = T2 + X2 + 21X COS @ Ty = T2 + X2 — 27X, COS @
GM Gm 1
Ep=— E_ M——uwzrz
Ty Tim 2
O_M#_GM].Q s )+Gm].@ , o
=% "2z r + 2x,, COS @ 225 r — 2X,, COS Q) — W*T
GM Gm
0=— @ +xycos)+— T —xy,ycos9) —w?r (1)
™ "m
_109Ep _1[GM 1 Gm 1
== acp == TMZ 2 — (—2rxy sin @) + 2o — (2rx,, sin )

m . M .
0 = — (tm sin@) — — (xy sing)  (2)
'm m

In equation (2) solutionwhen sing =0 —- ¢ =0 and ¢ =™

These are points on the line connecting the Sun and Earth.
In equation (2), if sin ¢ # 0, it can be simplified:
m M X m

M
0=—7—sx —— Xy =T =T because @— = —
ng m = TM3 M m M X, M



Solutions for L1, L2, L3

GM Gm 1
2= Ep= -— - — - —w?r?
s re 2

oui21= ~1.98202x 107 2 3.98602x 10" . 1.32717 x 10%°

/2.238x10%2 -2.99199x 18 r+r?  /2.01877x10% - 898615. r - r?

inej= Plot[Ep, {r, 1.45-10", 1.55.106"}]

11 150x10—t52x10"" 1.54x 10"

1.46x10"1 1

-1.3315x 109}
-1.3320x 109§
out[29]=

-1.3325x 109}

-1.3330x 109

mn44= Plot[Ep, {r, 1.45x10', 1.55x10"}]

1.46x10"" 148x1011L 45 11 152x10"" 1.54x 10"

-1.3310x 109

-1.3315x10% |
Out[44]=

-1.3320x10°

-1.3325x109 +

in311= dr = 8,.Ep
1.99301x10' (-2.99199x 18" +2r) 6.63584 x10'° (898615. +2r)
(2.238x10%2 - 2.99199x10™ r + r?) 32 (2.01877 x10'" + 898615. r + r2) /2

Outfai]= —3.96404x10  pr +

in32]= Solve[dr == 0, r]

ougzzl= {{r—-1.496x10"}, {r--1.496x10"}, {r-1.48108x10"}, {r - 1.51101x10"}}

Y =7 =0



Solutions for L4, L5

In(15]= ¢ = /3
T
outf1sl=
GM Gm 1
In[16]:= Ep=-—-— - —w’r?

rs e 2

outl16- —1.98202 x 1014 2 3.98602 x 10** 1.32717 x10%°
ut[16]= — 4. X - _

\2.238%x10%2 -1.496x101 r-pr?2  ./2.01877 x10! - 449308. r - r?

ni2s)= Plot[Ep, {r, 1.495 10't, 1.497 16“}]

1.4955x 1011 11 1.4965x 10" 1.4970x 10"

-1.33072x10° |
-1.33072x 109 |
-1.33072x 109 F

OUli28F= _4 330704102 £ QY = 7'[/3 or - 7T/3
= 33072x1095

-1.33072x 109 F

-1.33072x 109 F

in26]= dr = nEp
1.99301x10'* (-1.496x 10" +2r) 6.63584 x 101° (449308. « 2 1)
(2.238x10%2 -1.496x10  r+r2)32  (2.01877x10! + 449 308. r + r2)3/2

\ ! \ /

outzel= —3.96404x10 ¥ r +

In27]= Solve[dr == 0, r]
ouer= {{r—-1.49599x10"}, {r - -1.49599x10'}, {r > -224654.},

.
1
{r—7.48033x10' - 1.29547x10" i}, {r-7.48033x10' - 1.29547 x 10" i},{{r - 1.49599x1911},] {r-1.49599x10"}}




Locations

L1and L2:

1.5 million km from Earth

L1 for solar observation

L2 for deep space infrared (JWST)

L3:
150 million km from center of mass
Sun blocks direct communication

Unstable points, station keeping is needed.

L4 and L5:

Forming equilateral triangle.

L4 1s 60° ahead, L5 is 60° behind.
Stable for Sun-Earth pair.

M
— > 24.96
m




