
Coordinate-systems



Cartesian coordinate system

The path can be written as:

The x(t), y(t), z(t) functions are the coordinates.

The            unit vectors are the base vectors.

With Pythagorean:

The velocity:

The speed is then:

Acceleration and its magnitude:



Polar coordinate system

The two coordinates: distance from a point and the angle from a direction.

It can be used well for circular motion if the center is the origin.

Using Pythagorean and the tangent:

Transforming coordinates the other way:

The rate of change of the φ angle is the

angular velocity (unit: 1/s):

The rate of change of the angular velocity is the

angular acceleration (unit: 1/s2):



Uniform circular motion

The angular velocity is constant:

(where T is the period)

In T time it covers the circumference: s(T) = 2Rπ

The magnitude of the velocity (speed) is constant 

(however its direction is changing!):

Since the direction of the velocity keeps changing,

the acceleration is not zero. Its magnitude is 

constant, and its direction is toward the center at all

times (centripetal):

𝜔 =
2𝜋

𝑇
𝛽 = 0



Uniformly changing circular motion

The angular acceleration β = constant, therefore the

angular velocity changes linearly:

Because of the constant angular acceleration

the acceleration will have a constant magnitude

tangential component. Because of that the

speed changes uniformly:

Pythagorean gives the magnitude of the acceleration:

The path traveled only depends on the tangential

acceleration component (the other only changes

the direction):

at > 0

at < 0
𝑠(𝑡) =

1

2
𝑎𝑡𝑡

2 + 𝑣0𝑡



Describing general motion using polar coordinates

When using the polar coordinates to decribe a motion, we have to keep in mind that

the Ԧ𝑒𝑟 és Ԧ𝑒𝜑 base vectors depend on the position of the object, thus on time.

See diagram:

The momentary position of the object:

Ԧ𝑟 = 𝑟 Ԧ𝑒𝑟

However, when we calculate the velocity

we also have to determine the derivative

of the Ԧ𝑒𝑟 base vector:

Ԧ𝑣 =
𝑑Ԧ𝑟

𝑑𝑡
=
𝑑(𝑟 Ԧ𝑒𝑟)

𝑑𝑡
=
𝑑𝑟

𝑑𝑡
Ԧ𝑒𝑟 + 𝑟

𝑑 Ԧ𝑒𝑟
𝑑𝑡

Using the dot for time derivative:

Ԧ𝑣 = ሶ𝑟 Ԧ𝑒𝑟 + 𝑟 ሶԦ𝑒𝑟

In order to determine the derivative of the polar base vectors, let’s express them with the

constant Ԧ𝑒𝑥 és Ԧ𝑒𝑦 Cartesian base vectors…



Derivatives of the polar base vectors

The Ԧ𝑒𝜑 is shifted to the origin for visibility, and 

the unit length of the base vectors is marked:

Ԧ𝑒𝑟 = cos𝜑 Ԧ𝑒𝑥 + sin𝜑 Ԧ𝑒𝑦

Ԧ𝑒𝜑 = −sin𝜑 Ԧ𝑒𝑥 + cos𝜑 Ԧ𝑒𝑦

Thus the derivatives:

ሶԦ𝑒𝑟 = −sin𝜑 ሶ𝜑 Ԧ𝑒𝑥 + cos𝜑 ሶ𝜑 Ԧ𝑒𝑦 = ሶ𝜑 Ԧ𝑒𝜑
ሶԦ𝑒𝜑 = −cos𝜑 ሶ𝜑 Ԧ𝑒𝑥 − sin𝜑 ሶ𝜑 Ԧ𝑒𝑦 = − ሶ𝜑 Ԧ𝑒𝑟

Now the velocity and acceleration can be written:

Ԧ𝑣 = ሶ𝑟 Ԧ𝑒𝑟 + 𝑟 ሶԦ𝑒𝑟 = ሶ𝑟 Ԧ𝑒𝑟 + 𝑟 ሶ𝜑 Ԧ𝑒𝜑 = ሶ𝑟 Ԧ𝑒𝑟 + 𝑟𝜔 Ԧ𝑒𝜑

Since 𝜑 also depends on time,

using the chain rule we end up

with a  ሶ𝜑 factor.

Ԧ𝑎 = ሷ𝑟 Ԧ𝑒𝑟 + ሶ𝑟 ሶԦ𝑒𝑟 + ሶ𝑟 ሶ𝜑 Ԧ𝑒𝜑 + 𝑟 ሷ𝜑 Ԧ𝑒𝜑 + 𝑟 ሶ𝜑 ሶԦ𝑒𝜑 = ሷ𝑟 Ԧ𝑒𝑟 + ሶ𝑟 ሶ𝜑 Ԧ𝑒𝜑 + ሶ𝑟 ሶ𝜑 Ԧ𝑒𝜑 + 𝑟 ሷ𝜑 Ԧ𝑒𝜑 − 𝑟 ሶ𝜑 ሶ𝜑 Ԧ𝑒𝑟 =

= ሷ𝑟 − 𝑟 ሶ𝜑2 Ԧ𝑒𝑟 + 2 ሶ𝑟 ሶ𝜑 + 𝑟 ሷ𝜑 Ԧ𝑒𝜑 = ሷ𝑟 − 𝑟𝜔2 Ԧ𝑒𝑟 + 2 ሶ𝑟𝜔 + 𝑟𝛽 Ԧ𝑒𝜑



Uniform and uniformly changing circular motion

For circular motion: ሶ𝑟 = ሷ𝑟 = 0

Ԧ𝑣 = ሶ𝑟 Ԧ𝑒𝑟 + 𝑟𝜔 Ԧ𝑒𝜑 = 𝑅𝜔Ԧ𝑒𝜑 = 𝑣 Ԧ𝑒𝜑

Ԧ𝑎 = ሷ𝑟 − 𝑟𝜔2 Ԧ𝑒𝑟 + 2 ሶ𝑟𝜔 + 𝑟𝛽 Ԧ𝑒𝜑 = −𝑅𝜔2 Ԧ𝑒𝑟 = −𝑎𝑐𝑝 Ԧ𝑒𝑟

For uniform circular motion: ሷ𝜑 = 𝛽 = 0
Furthermore: ሶ𝜑 = 𝜔 = constant and 𝑟 = 𝑅

For uniformly changing circular motion: ሷ𝜑 = 𝛽 = constant

Ԧ𝑣 = ሶ𝑟 Ԧ𝑒𝑟 + 𝑟𝜔 Ԧ𝑒𝜑 = 𝑅𝜔Ԧ𝑒𝜑 = 𝑣 Ԧ𝑒𝜑

Ԧ𝑎 = ሷ𝑟 − 𝑟𝜔2 Ԧ𝑒𝑟 + 2 ሶ𝑟𝜔 + 𝑟𝛽 Ԧ𝑒𝜑 = −𝑅𝜔2 Ԧ𝑒𝑟 + 𝑅𝛽 Ԧ𝑒𝜑 = −
𝑣2

𝑅
Ԧ𝑒𝑟 + 𝑅𝛽 Ԧ𝑒𝜑 = −𝑎𝑐𝑝 Ԧ𝑒𝑟 + 𝑎𝑡 Ԧ𝑒𝜑

(𝑣 = constant)

(𝑣 = momentary speed)

𝑎𝑐𝑝 = momentary centripetal acceleration component

𝑎𝑡 = constant magnitude tangential acceleration component

𝑎𝑐𝑝 = constant magnitude

centripetal acceleration component



Cylindrical coordinate system

In addition to the two polar coordinates, we also use the z

coordinate of the Cartesian coordinate system.

It can be used for 3-dimensional motion, especially spiral

motion.

As opposed to the polar coordinate system, here instead of

r we use ρ to give the distance from the axis (this is not the

distance from the origin, which is still r).



Spherical coordinate system

It can be used to describe spherically symmetric motion, like motion along a sphere:

𝑟 = 𝑥2 + 𝑦2 + 𝑧2

𝑥 = 𝑟 sin 𝜃 cos𝜙

𝑦 = 𝑟 sin 𝜃 sin𝜙

𝑧 = 𝑟 cos 𝜃

sin 𝜃 =
𝑥2 + 𝑦2

𝑥2 + 𝑦2 + 𝑧2

(𝑟, 𝜃, 𝜙)

tg𝜙 =
𝑦

𝑥



Galilean relativity principle

In any two reference systems moving at constant velocity relative to each other, the

mechanical phenomena will happen the same way.

E.g. on a moving train we do not feel any difference. The dropped coin falls down the

same way. Thus none of these systems can be denoted as an absolutely stationary

reference system.

Connection between two systems moving relative to each other:

Let S’ system move relative to S in the positive x direction at constant v0 speed.

In Δt time the distance between origins:

Thus the coordinate differences measured in S’:

Furthermore:                (clocks synchronized)

Dividing by Δt (or Δt’) we get the relation between the velocities

(the purple line is a section of the path of a moving object):

𝑂𝑂′ = 𝑣0𝛥𝑡

𝛥𝑥′ = 𝛥𝑥 − 𝑣0𝛥𝑡

𝛥𝑦′ = 𝛥𝑦

𝛥𝑧′ = 𝛥𝑧 𝛥𝑡′ = 𝛥𝑡

𝑣𝑥
′ = 𝑣𝑥 − 𝑣0

𝑣𝑦
′ = 𝑣𝑦

𝑣𝑧
′ = 𝑣𝑧

Writing in vector form we get a formula valid

in the general case:

Ԧ𝑣′ = Ԧ𝑣 − Ԧ𝑣0



Fundamental equation of dynamics

If we combine Newton’s 1st, 2nd, and 4th law, then we get the fundamental

equation of dynamics:

If we write out each component, include the appropriate force laws, then we get the

equations of motion. For example in Cartesian coordinate system:

second order coupled differential equations

The forces cannot be the function of the acceleration, because that would be at

odds with the principle of superposition.

In order to solve to motion, 6 integration constants must be given. These are

generally the 3 coordinates of the initial position and the 3 components of the

initial velocity: Ԧ𝑟0 and Ԧ𝑣0
Solving the equations gives the path of the object,

i.e. the position of the object as a function of time: 

𝑚 ሷ𝑥 = 𝐹𝑛𝑒𝑡𝑥 𝑥, 𝑦, 𝑧, ሶ𝑥, ሶ𝑦, ሶ𝑧, 𝑡

𝑚 ሷ𝑦 = 𝐹𝑛𝑒𝑡𝑦(𝑥, 𝑦, 𝑧, ሶ𝑥, ሶ𝑦, ሶ𝑧, 𝑡)

𝑚 ሷ𝑧 = 𝐹𝑛𝑒𝑡𝑧(𝑥, 𝑦, 𝑧, ሶ𝑥, ሶ𝑦, ሶ𝑧, 𝑡)

Ԧ𝐹𝑛𝑒𝑡 = ෍

𝑖=1

𝑛

Ԧ𝐹𝑖 = 𝑚 Ԧ𝑎



Inertial forces*

These are not real (caused by some interaction) forces, but rather some fictitious

forces or apparent forces.

These forces occur if the coordinate system is not inertial.

Accelerating systems are not inertial systems.

Examples:

- braking, accelerating of turning car

- spinning carousel

- strictly speaking any planet or moon (rotation and orbiting)



Accelerating reference systems

In certain cases it may be needed to describe the motion in an accelerated

reference system (or the inertial forces due to the rotation of the Earth cannot be 

ignored).

Inertial system (S):

Object moves with Ԧ𝑎0
acceleration (together

with the S* system) 

due to the force

Ԧ𝐹 acting on it.

Accelerating system (S*):

The object is at rest

(a* = 0), because the net 

force is zero (including the

fictitious force.)

Thus:

S
S*



Centrifugal force

In order to determine the inertial force, first we need to determine the

acceleration of the object as seen from an inertial reference system.

Then we can use:

Centrifugal force*:

It acts on an object doing circular motion, points radially outward.

(opposite to centripetal acceleration)


