Mechanics and Thermodynamics GEFIT251 Lecture Summary

1 Kinematics

1.1 Basic concepts of kinematics

Kinematics is the pure mathematical and geometrical description of motion. When a body
changes its position relative to other bodies it is said to be in mechanical motion.

We consider only mass points. A mass point or particle is a body whose dimension or size can
be neglected in the given problem. The characteristic measurement is relatively small.

The set of locations of a body in time is called the path or trajectory.

The reference body is a rigid body which is fixed for a given problem, and with respect to
which the motion of a particle is described.

Reference ZSystem

Rigid body
The reference system is the reference body and a coordinate system fixed to this body. It
should be:

- Rectangular or Cartesian coordinate system,

- Plane polar coordinate system,

- Cylindrical coordinate system, or

- Spherical coordinate system.

The position vector or radius vector is a vector drawn from the origin of the Reference System
to the momentary position of the mass-point, denoted by: T .
In case of motion the position vector is a function of time:

F=r(t).
Assume that a particle travelled along a certain trajectory form point 1. to point 2. The

displacement vector is a vector drawn between the tow positions directed towards the later
one.

AF=T(t,)-F(t), t,>t
The path measured along the trajectory is called distance travelled by the particle:
As > |AF|

Consider the position vector F (t) at time t, and denote the elapsed time by At:
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The average velocity is defined as:

o _AF
av At
The instantaneous velocity (velocity) is the time derivative of the position vector:
AF dr
lim—=—
At—0 At dt

As the displacement dr coincides with an infinitely small element of the path consequently
the vector v is directed along a tangent to the trajectory.

If the position vector is written as the function of the distance measured along the path:
F=r(s)

_dr_drds

~dt dsdt

<l

The tangent unit vector is defined as:
r
T =d—, and |7|=1
ds

The absolute value, or magnitude of the velocity is called speed:

W=v=220
dt
And the velocity vector is:
V=VvT

The velocity is a vector which is tangent to the path, while the speed is scalar quantity. As the
speed is the derivative of the distance with respect to time, the travelled distance is the
integral of the speed for the time interval in question.

ds .
Vv=—=3§
dt
t
s:jvdt

4

[ v(t)

t1 - t2 t:
The travelled distance is the area under the speed time graph.

The velocity v of a particle can change with time both in magnitude and in direction.
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The acceleration of a particle is the rate of change of the velocity. The average acceleration is:
AV
a = E
The instantaneous acceleration (acceleration) is the first time derivative of the velocity or the
second derivative of the position vector.

- AV dv - -
At—0 At dt
a=v=r

_odar
V=—=V7
dt
. v d, .. . df . dfds -_. ,d7T
d=—=—(VT)=Vi+Vv—=V ——=VT+V —
dt dt ds dt ds
It can be proved that:
dz _
— =K,
ds

where i is the normal unit vector, and « is the curvature.
The components of the acceleration:

Introducing the radius of curvature p:

=VT+

jsh]

So the acceleration has a tangential and a normal or centripetal component:

a =V

1.1.2 The description of motion in different coordinate system

Rectangular coordinate system consists of three mutually perpendicular lines are drawn
through a point O called origin. These lines are the three coordinate axis: X, y, z. The unit

vectors are {T, i, IZ} and in this order form a right hand system.

We know the motion of a particle if we know the position vector at any moment r = F(t) :
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The projections of the position vector I onto the coordinate axes are the rectangular
coordinates x, v, z.

F=xi+yj+zk
We know the motion if we know the coordinates as a function of time:
x=x(t)
y=y(t)
z=1(t)
this is the parametric equation system of path.
The velocity by definition:
dr d d d ue
V=—=—(xi +Vyj+2zk
LAY

The unit vectors do not follow the motion, so they are constant in direction and in magnitude
and their time derivatives are zero:

V=kf+yi+iﬁ,

V=i +v,]+v,k
The rectangular coordinates of the velocity are:

X
vy:y
VvV, =12

The magnitude of the velocity:

|2 2 2
V= Vg +Vs +V;

The acceleration is the time derivative of the velocity:

é—gz—g{.f+yf+iﬁj
dt dt

a=xi+yj+zk,
d=aj+a,j+ak
The three rectangular components of the acceleration:

a, =X
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2. Plane polar coordinate system

The position of any point P lying in a plane can be completely determined by its distance
p from the origin of the reference system and with the angle ¢ that the radius vector makes

with the ¢ =0 reference line passing through the origin O.
P(p.9)

The length of the position vector:

7l=p
@ is positive measured counter-clock wise. The polar coordinates of point P are p are ¢. In
case of motion these are functions of time, and the parametric equation system of path is:

p=p(t)
p=0(t)
The unit vectors are €, and €.
‘ép‘ - ‘éco‘ =1
The position vector is:
r=p¢€
The velocity:
v—ﬁ—i(pé )= p8, + pé
dt dt\ 7 P
These unit vectors follow the motion so their time derivatives are no longer zero.
yn
é;o
g
4 €,
§0 Q :‘0
o)
€, =Ccospi +sing]j
€, =Sin@l +Ccosg]

g, =—¢sin¢f+¢c05¢]:¢é¢
6, =—COSpT +@sing] = —¢ép
So the velocity:
V=p€ +ppE,
The two components of the velocity:
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N

é=[p—p<o jép +(2p¢+p¢j§¢
3. Cylindrical coordinate system

The cylindrical coordinate system is a combination of a plane polar coordinate system with a
perpendicular z axis.

A ) (p.p.7)
\\\ k A N
m e‘/’
r(t 5
1y &
kﬂ
O AN
=0 L8
® P
The cylindrical coordinates are:
_ oz
The unit vectors are:
{e,.6,k|
Position vector:
r=p6,+zK
Velocity vector:
\7=pep+p(}>e¢+zlz

Acceleration vector:

. .2 Ce . -
é:[p—pgo Jép+(2p¢+pgo)é¢+zk

1.2 Special motions

1.2.1 Rectilinear uniform motion, uniform straight line motion

Let’s consider a particle travelling with constant velocity denoted by V,. There is no
acceleration, a =0, Vv, = constant .
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|

dr
vV, = dr =v,dt
0~ dt 0
F = [Vodt =Vt +C
To determine the constant of the mtegratlo we need initial conditions:
ift=0 r=r=C=T,

r=rn+Vgt

Vo

The components of this vector equation:

X=X, +Vy,t,
y: yo +V0yt’
Z=17,+V,,t.

For simplicity one coordinate axis is often chosen to be the straight line of the motion. In this
case one component equation is enough to describe the motion:

X = X, 4V, t
The x—t function is a linear function.

1.2.2 Uniformly accelerated straight line motion

Consider a motion in which the particle has constant acceleration. Suppose that a and the
initial velocity v, is parallel.
a =constant, and v, || &

0
=—,—>v:.[adt:at+c1
dt

jabi

C, is the first integration constant.
If t =0 then V =V, (initial condition):

V, =G, and V(t) =V, +at
_odr e

V—E—H’—J'th—j(v +at)dt

-

r=v,t+—t"+cC

0 2 2

If the initial position is T, , then:

t=0,when r =, =¢C, =T,

= 4Vt ot?

2

If the motion takes place along the x-axis then:
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a
X = X, +V t+—t?
2

1.2.3 Motion in a plane with constant acceleration, projectile motion

Consider the motion, when & = constant , but the acceleration & is not parallel with the initial
velocity V,. In this case the trajectory is a curve.

a = constant
V=V, +at
I - U0
r=r+vt+—t
0 0 2
This expression gives the position of the particle at any time.

An important example for this motion is the motion of a projectile. In this case & is just the
acceleration due to gravity:

a=g.
Choose an x—y plane defined by V, and g, the y-axis directed upward so § =—gj , and
suppose that the initial position 1, =0 (The motion starts from the origin.)

y lg

VO
V, Sina
a e >
O\, cosa X
The components of the initial velocity:
V,, =V, COS
Vo, =VpSina

The x-component of the velocity remains constant, the y-component is linear function:
V,=V,C0sc, V, =V,sina—gt
The coordinates of the particle as a function of time:
X=V,CoSat

y :vosinoct—%t2
The equation of the path can be obtained by eliminating time t from the system, and get a
parabola:
g

2
—————x* +Xtga
2V¢ cos’ a

y:

The horizontal range:
2

R=VE°sin2a, (y=0)

The time of rising:
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The maximum height:

1.2.4 Uniform circular motion

Take that motion as the speed is constant, the magnitude of the acceleration is constant, and
the direction of the acceleration is always perpendicular to the velocity.
V=vr

Vv = constant, v =0
In case of circular motion the radius of curvature is just the radius of the circle.
IV
a=—rn
R

This acceleration is called centripetal acceleration.

If the centre of the circular motion and the origin of a plane polar coordinate system
coincides:

<

v
o =R = constant
The derivative of the radius is:
p=0=>7=Rpg,
V|=v=Rg
Introduce the angular speed as the time rate of change of the angle ¢:
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deo -
a7
V=Rw
The angular velocity may be expressed as a vector quantity, whose direction is perpendicular
to the plane of motion with a sense given by the thumb of the right hand when the fingers
point in the sense of the motion:

()

V=Rw
R=rsiny
V=rmwsiny,
and the following vector relation is valid:
V=axT

1.2.5 Uniformly accelerated circular motion

If the angular speed of a particle changes with time, the angular acceleration is defined as:
ﬂ_gﬂ
dt

Consider now the motion of a particle whose angular acceleration is constant, and the radius
of the motion is R.
£ =constant ,

do
ﬁzaa w=jﬂdt=ﬂt+w0
=, + pt
V=Rw
V=R (o, + pt)
The velocity vector:
V=Vv7= R(a)0 +ﬁt)f
The acceleration:
A=V7+—i
R
d=Rp7 +Ro’N
The tangential acceleration:

a =Rp
The centripetal or normal acceleration:
2
v
a =a,=—=Rao’
n cp R
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1.3 Relative velocity and acceleration

Motion is a relative concept and it must always be referred to a particular frame of reference
chosen by the observer. Consider now two observers who move relative to each other with
translational uniform motion. The K’ reference system moves with constant velocity with
respect to K. They do not rotate.

X
The two observers of the two reference systems are watching the motion of the same mass
point P. The relation between the position rectors:

F=R+T",
where R is the vector between O and O'. If the time flows in the same way in both reference
systems then the time derivatives are:

Let’s denote the velocity of K’ with respect to K by V :
R
dt’

V =constant, V =0 so the accelerations:
a=a'
That is, if two observers moving with constant velocity with respect to each other, observe the

same acceleration of a point in motion.
[We have assumed that time has an absolute meaning independent of any particular frame of

reference. Einstein was who discovered that it is not true and he developed the modified
theory called special theory of relativity.]
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