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5 Maxwell equations, and Electromagnetic waves

5.1 The Ampere-Maxwell equation

For stationary field (i.e. not varying with time) Ampere’s Law relates a steady current to the
magnetic field, the current produces. Its differential form is:

VxH=J
The differential form of the continuity equation which expresses the charge conservation is:
%» +V-J=0
ot
Take the divergence of the Ampeére’s Law:

The divergence of a curl must equal zero, it is an identity so:

V-J=0
At the same time the continuity equation is
v.j--%
Ot

There is a contradiction between the two equations. Indeed, in non-stationary processes, o

may change with time (this is what happens with the charge density on the plates of a
capacitor being charged). We suppose that the continuity equation is right, so Ampere’s Law
need a revision if it is to be applied to time-dependent fields. The modification of Ampeére’s
Law was suggested by Maxwell and the modified equation is called Ampére-Maxwell Law.
Maxwell introduced an additional term into the right hand side, and he called it displacement

current density J, .
VxI:I:j+jD,
V(VxH)=V-J+V-Jo
The divergence of a curl must equal zero:
V-(Vxﬁ)zo
0=V-J+V-Jp

Consider now the Gauss’s Law for electric field, V-D = p , and substitute it:
9
Ot
Change the sequence of differentiation with respect to time and to coordinates:
V-Jp=V oD
Ot

V-Jp=-— (V-D)

Hence we arrived that:

61



Electrodynamics and Optics GEFIT252 Lecture Summary

7,0
ot

and so the differential form of Ampere-Maxwell equation:

Vxﬁ=7+8a—D,where J=pv+].
t

We must underline the fact that the displacement current is not a real current, it is a time-
varying electric field. The only reason for calling it displacement current density is that the
dimension of this quantity coincides with that of current density.

This phenomenon and equation is the symmetrical pair of the Faraday’s Law of induction. We
have already seen that a varying magnetic field sets up an electric field. It follows from the
Ampere-Maxwell Law, that a varying electric field sets up a magnetic field. The Ampere’s
Law indicates that a steady current sets up magnetic field. The Ampére-Maxwell Law goes a
step further and indicates that the time dependent electric field also contributes to the
magnetic field. The displacement current sets up a magnetic field in exactly the same way as
an ordinary conduction current. The fact that displacement current acts as a source of
magnetic field plays an essential role in the understanding of electromagnetic waves. A
changing electric field in a region of space induces a magnetic field in neighbouring regions
even when no conduction current and no matter are present.

Take the integral of the differential form of Ampeére-Maxwell Law for an open and fixed
oriented surface:

[(vxH)-dd=[7-dd+[22.di

A A A at
Applying the Stokes’ theorem, the integrated form of Ampére-Maxwell Law:

— - de— —
gSH-ds:IA+EJ;D-dA

The line integral of the magnetic field strength for a fixed closed curve is equal to the
algebraic sum of the currents plus the time rate of change of the electric flux passes through
the surface boundered by the closed curve. There is a displacement current wherever there is a
time-varying electric field. It also exists inside conductors, carrying an alternating electric
current. Compare the conduction and diplacement current density in a good conductor:

1
~10" —
v Qm

Let it be:

E=E,sinot,and o = 2zv

D =¢g,E,sinot

The conduction current density:
j=yE= 7EO sin wt
The displacement current density:

- D -
Jp= 88_1 = &,E,w COS wt
Take the ratio of the magnitudes of the maximum values:
Jo _ VEy, v 10’ N 2-10"
Jpe &EE,0 g0 885107727y %
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A
£,=8,85-10 22

Vm
The displacement current inside a conductor in case of technical alternating currents is usually
negligibly small in comparison with the conduction current. Not negligible at optical

frequencies and when there are no conduction current.

The direction of the magnetic field produced by time dependent electric field:
D

A A A A A A A A A

L— —
N —

y

If D increases % J' D-dA positive, if D decreases B oppositely directed.
A

5.2 The Maxwell’s Equations

At this point let us summarize our discussion of the electromagnetic field. The entire theory of
the electromagnetic field is condensed into four basic laws. These are called Maxwell’s
equations:

1. Ampére-Maxwell Law:

—_—

§H-ds=1,+%[D-ad, vxH=7+2L
J dt?, ot

2. Faraday’s Law of induction:

$E-ds=-2[Fdd, vxE=-28
A dt’, ot
3 Gauss’s Law for electric field:
§D-dd=0, v-D=p
A
4. Gauss’s Law for magnetic field:
$B-dA=0 V-B=0.
A

Maxwell’s equations form a consistent set of equations. These equations are used in integral
or in differential form depending on the problem to be solved.

Base vectors: electric field: E
magnetic induction: B
Polarization vectors: electric polarization: P
Magnetization: M
Linear combination vector, electric induction: D
D=s,E+P
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Linear combination vector, magnetic field strength: A

— B —
H=—-M
Hy
D and H are introduced due to presence of chemical substance.
The first two Maxwell equations are vector-equations. Each vector equations are equivalent to
three scalar equations. We get a total of 8 equations including 12 functions, three components

each of the vectors E, D, B, H .
Since the number of equations is less then the number of unknown functions, to calculate the

fields we must add equations relating D and J to Eand H B. These are the constitutive
equations:

D:%gE,(ﬁ:Z%

r

=

B= o H, (M=yH)
]':y/(l?+\7><E+El.)
E=vxB+E
These equations are also called material equation. The above equations are valid for isotropic
media containing no ferromagnetics. These equations are not as general as Maxwell’s

equations.
The boundary conditions are:

5.3 Electromagnetic Waves

When either an electric or magnetic field is changing with time a field of the other kind is
induces in adjacent regions of space. We are led (as Maxwell was) to consider the possibility
of an electromagnetic disturbance, consisting of time-varying electric and magnetic fields that
can separate from their sources that is form charges and currents, and can propagate through
space even when no matter is present in the region. So this continuous inter-conversation of
the field preserves them and an electromagnetic perturbation propagates in space.

The existence of electromagnetic waves had been predicted by Maxwell as a result of a
careful analysis of the basic equations of electromagnetic field. Maxwell proved in 1865 that
the electromagnetic waves propagate in free space with the speed of light so the light waves
are very likely to be electromagnetic nature.

In 1887 Hertz actually produced electromagnetic waves, and verified Maxwell’s theory.
The development of our knowledge of electromagnetic waves is a beautiful example of the
close relationship between theory and experiment in the evolution of physical ideas.

Consider now vacuum or neutral (not charged p =0) insulator, that is j =0. Suppose that
the medium is homogeneous and isotropic and not ferromagnetic. The permittivity ¢ and the
permeability s, is constant. The linear constitutive equations are:

D=¢E,andB =y, H ,
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Write the differential form of the Maxwell’s equations and apply the above conditions:

AP 5 O(¢E . Z
VxH=J+8—D, Vxﬁzg, VszeyOG—E
ot Ho ot ot
VxE:—a—B VxE:—a—B
ot ot
V-D=p V-(gE):O V-E=0
V.-B=0 V.-B=0

To eliminate the magnetic induction B from the system, let us take the curl of the second
equation:

Vx(VxE) :—an—B

Ot

Due to a mathematical identity:
Vx(VxE)=V(V-E)-V’E
V(V-E)—szz—%(Vxﬁ)

Using the first and third equation:

E

This equation is called wave equation for £ . Similar equation can be obtained for B, starting

this procedure with the Ampere’s law:
-

- 0
V2B =guy—
ILlO 8t2
The linear homogeneous second order partial differential equation for E is:
0’°E, 0°E, O°E, O°E,

+ + =gl —>.
o o o oz

Similar equations can be written for E,, E., B, B,, B..

It is conceivable that £ = f(qo) is the solution of the differential equation, where fis any

twicw differentiable function, and ¢ the argumentum is:

( N-F]
Qo=w|t—
u

o is a positive constant called cyclic frequency, N is a unit vector N-N =1, 7 is the
position vector, and u is a suitable positive constant.

r=x;+y}'+z/;
N=N_i+N, j+N_k

( Nxx+Nyy+NZz]
p=w|t—
u
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Nx+N y+N
£ of - Lttt

u

Take the derivatives, and denote the derivative with respect to the argumentum by dash:

&,
do
The first derivative:
O, _ o N
ox u
The second derivative:
O’E. ., ,N?
ox? =/l u?
OE, .. ,N:
oy’ =/ wzu_;
O°E . 2 N?
822X =/ uzz
The first derivative with respect to time:
OE. ,
ot =/
The second derivative with respect to time:
azEx n 2
ot =/t

Inserting into the differential equation:
2
n a) n
7(N3+N5+N3):8ﬂ0 0)2
As N is a unit vector:
NZ+N:+NZ=1
So the wave equation is satisfied with the function above if « is given by the next formula:

1
uz
1
u=
)

It is easy to see that the value of the phase at a given place and time is the same as At time
later and A7 =u NA¢ distance away:

(0(t+At,?+AF)qo[HAt—MJ:w(HAt—E—Nu'NAtj:

u u u

=w[t—ﬁjj=¢>(h7’)

We can conclude that the phase propagates into the N direction and its velocity is:
Ar N .
Ar _ uN At N = 1
At At LN

N
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That is the quantity denoted by u is just the so called phase velocity:

1
u=
€ Hy
In case of vacuum ¢'=1, and e =¢"g,, SO:
1
c= =3-10°m/s

Véotl

The phase velocity in vacuum equals the velocity of light in vacuum.
In chemical substance:
C

1 1 c
u= = = = —
V€ Mo \/;\/ Eothy Je' on
As &'>0, in chemical substance. u <c.
n= \/? is called absolute refractive index.

The locus of all adjacent points at which at a given instant the phase is constant is called wave
front. It is generally a moving surface. In our case the wave front is a plane whose normal is

N and the wave front travels in the direction of N parallel with itself with a speed of u. Let’s
suppose that the wave front passes the origin at the moment #, and travels in the N direction.

At time ¢ the wave front is (7 —¢, )u distance from the origin. 7 is an arbitrary vector of the
plane.

Because the 7 —(t —to)u N vector always lies at the plane, it means that the scalar product

with N is zero:

=t—ty >ty =t—
u u

That is the phase along this plane is really the same as at ¢, in the origin.

a:ﬂm»q@@—ffj}

This formula is a travelling plane wave solution.

5.4 Monochromatic plane wave

Monochromatic means that is contains only one frequency. Suppose that f'is a sinusoidal
function, namely sine or cosine:

N-r
E =E, COSa)(t— r]

u
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o 1s a positive constant called cyclic frequency E , is constant, and called amplitude of the x
component of the electric field.
[-*¥)
p=0|t—
u

called phase, dimensionless quantity.
The monochromatic plane wave solution is periodical both in time and in space:
As the cosine function is periodical by 2z, at a given point:

(p(t+T,17)=¢)(t,;)+27z

a)(t+T—N.rj:a)[t—N.rJ+27z
u u

ol =2r
Therefore the period in time:
r=2%.
a

The period in space is called wave length and this is the distance of two wave fronts at a given
moment whose phase difference is 2z .

(D(t,;-l-ﬂ,ﬁ)zgﬂ(t,;)—Zﬂ'

t—M =a)(t—N'Fj—27z

@
u u
D r=2z
u
The cyclic frequency is:
w=2rv
27 —op A=t
u \%
The circular wave number £ is defined as the number of wave lengths in a length 27 unit:
2r
k = — =
A u

k =k N is the (circular) wave number vector so the phase:

(0=a)[t—N'rjza)t—QN?:a)t—l;-;
u u

It is conceivable that in the electromagnetic wave the electric and the magnetic part waves are
in phase, so in general:

E=E, cos(mt—l?-?+8)
B=B, cos(mt—l?~?+8)
Using the electric and magnetic Gauss’s Laws it is possible to prove, that both the electric
field intensity and the magnetic induction is always perpendicular to the direction of
propagation:
V.E=0=E, Lk,or E, LN
V-B=0=B, Lk,or B, LN
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The electromagnetic wave is a transverse wave. The two part waves are called linearly (plane)
polarized waves.

Remark: the natural light is not linear but circularly polarized wave but it is possible to
polarize in plane.

From the first Maxwell’s equation we can obtain the connection between the amplitude
vectors:

_ P L
Vszg,uoaa—t:EO:—uNxBo

—

E,=—iix B,
ii is the velocity vector of propagation, therefore E, and B, are also perpendicular vectors so
the next three vectors form a right hand system:
{J\?,EO,EO}
The connection between the magnitudes:
E,=uB,

wavelenght

This is a “snapshot” representation of the travelling electromagnetic wave showing the
alternating electric and magnetic vectors along the propagation.

5.5 Propagation of the energy in electromagnetic waves

The vectors E and B at a given point of space vary in the same phase:

E =E,coso
B=B,cos¢
The phase:
o=ot—k-r.
The connection between the amplitudes, and the phase velocity:
1
Ey=uB,, u=
€ Hy
1 B}
E,= B, > Ele=""2
& H Ho
Consider the electromagnetic energy density:
1= — 1= — 1 18> 1 1 B?
w=w,+w, =—D-E+-B-H="¢E’+=—="¢E. cos’ p+—=—2¢08" ¢
2 2 2 2 4, 2 2 u,
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Due to the relation between the amplitudes it follows that the electric and magnetic energy
densities of the wave are identical at each moment.

w=w, +w, =2w, =g E;C0S’ ¢
Introduce the energy current density or energy flow rate vector called Poynting vector, by the
next definition:

S=ExH

The magnitude of the Poynting vector gives the flow of energy through a cross section
perpendicular to the propagation direction per unit area per unit time. The direction of the
vector gives the direction of the electromagnetic energy propagation.

It’s unit:
J /4
Sl=1 =1—
s]-1-% 12
B B, cos E, /& 1, COS \JE
S=E—=E, COS({)O—(D:EO COS(DM:SES cos? (/)i:
Hy Hy Hy & Hy
1
=W =wu
€ Hy

S = wu , or in vector form S = wu

In an electromagnetic wave in homogeneous isotropic dielectric the electromagnetic energy
propagates in the direction as the wave propagates, with the phase velocity.

As the frequency of the electromagnetic wave is very high, for example at visible light ~10**
Hz, only the time average of the energy flow density can be observed.
The time-averaged of the magnitude of the Poynting vector is called intensity:

[=S=gE2cos’ ¢ 1 _ £ E2cos? ¢ = /iEOZ%:% £ B
\ 8/,[0 /u0 luo /u()
I l e

=— /—E
2\ ty "

The intensity is proportional to the square of the amplitude of the field.
E? = EZcos’ ¢ = E? —1_C;SZ¢ =E§%

e E_[em
Hy 2 Hy

The intensity:

5.6 Interference

Interference occurs when two or more waves coincide in space and time and causing a
geometrically regular interference pattern in space where maximum and minimum intensities
can be observed, and the regular interference pattern is a standing picture so we can observe.
The interference is one of the most important wave properties. By interference we mean the
superposition of waves from a finite number of sources.

Consider now the superposition of two monochromatic plane waves having the same
frequency.
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E =E,cosp, =E, cos(a)t —k - ;)

E, = E,,C0s @, = E,, (:os(a)t—k2 ~r+5)

where & is the phase difference between the two waves.
The superposition:

E=E +E,
E?=E* + E2+2E,-E, = E* + EZ + 2E,, - E,,, COS ¢, COS @,
The time average:

E?=F’ +E2+2E,, - E, 05 COSp,  I- ﬂi
0

/iE= £ E% + |2 B2 +2E,,-E,, /icos%cos(p2
Ho Ho Ho Ho

I=1+1,+1,
If the term 7, # 0 is not zero, the resultant intensity is not equal to the sum of the individual
intensities. In such a case we speak about interference, and 7,, is called interference term.

I, = 2E10 : E201 fi COS ¢, COS @,
Hy

Transform the cos ¢, cos ¢, product to a sum:
cos (¢, + @, ) =Ccos ¢, cosp, —sin ¢, sin p,
cos (@, — @, ) = oS @, COS @, +5in @, sin p,
cos(@, + @, )+cos(¢, —p,) = 2C0S g, COS @,

1, :\/'UEEN-EZO-(COS(¢1+¢2)+COS((P1—(P2))
0

The sum of the two phases:

o+, = Zwt—E-;—E-;+5
The difference:
Q=@ =kyr—k-r-5
The first term is periodic with time so the time average is zero. The second term is constant so
the time average is itself.

E = = — = \- E = =
I, = /Iu—Em-E20 cos((kz—kl-)r—5)= /,u_ Eyo - Ex COS(p+ ;)
0 0

The intensity has a maximum if cos(¢, +¢,) =1 that is the phase difference is ¢, — ¢, =2m 7z

where m = 0,£1,+2,.... In other words the phase difference is even-number multiple of 7. Itis
called constructive interference or reinforcement.
The intensity has a minimum if cos(¢, —¢, ) =—1that is the phase difference is

@ — @, =(2m+1)7 , where m = 0,+1,42,....So the phase difference is add-number multiple of
. Itis called destructive interference or cancellation, or maximum attenuation.

The conditions of the interference to get a long time wave pattern in the wave space:
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1. The frequencies of the waves must be equal
Vi =V,, 0l o, =®,.
2. The two amplitude vectors are not perpendicular to each other
E,-E,#0

3. The phase difference between the two waves must be constant in time. With common
light sources it is impossible to reach interference pattern in space, with two
independent light rays. If one light ray is divided into two parts and later they are
combined then we can obtain interference.

4. The path difference between the two waves must not be too much because the wave
trains have limited length and the first train must be the place when the second arrives.

The waves which fulfil the above conditions of interference are called coherent waves. In
case of a time-dependent phase difference between the sources would result in a varying
phase difference between the superposed wave trains. The interference pattern would be
continuously moving, perhaps too rapidly for detection by an eye. No stationary
interference pattern is observed in this case (incoherent waves).

5.7 Behaviour of waves at the interface between two media

In many familiar optical phenomena a wave strikes an interface between two optical materials
such as air and glass or water and glass. When the interface is smooth the wave is in general
partly reflected and partly transmitted into the second material.

The phase velocity in chemical substance:

n=A+/¢" is called absolute refractive index.

The ratio of the velocity of a light wave in vacuum to the phase velocity in a medium is
known as the absolute refractive index.

c
n=—
u

The segments of plane waves can be represented bundles of rays forming beams of light, for

simplicity we will consider only one ray characterized by its wave humber vector k directed
into the propagation.

incident ray : reflected ray
k | k,
U %?
@) n .
(2) u, :
n, |
|
: - refracted ray
.k,

c. is the angle of incidence, £ is the angle of refraction, y: is the angle of reflection, u; and u;
the phase velocities, and n; and n; the absolute refractive indexes.

Experimental studies lead to the following results:
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The incident, reflected and refracted rays and the normal to the surface, all lie in the same
plane.
The frequency of the incident ray is the same as the frequency of the reflected and refracted
rays:

V=V, =V,,0l 0=0, =®,.
In case of reflection the wavelength of the reflected ray or wave does not change, and the
angle of incidence is equal to the angle of reflection:

A=A,and =y

In case of refraction:
As light passes from one material to another its wavelength changes due to the change of the
phase velocity

n=v2 } A_w_m_m
A <

U =vh Uy Z
n,
Consider the next figure:
incident ray
k B
L\
Q \uy (8, - 1)
@ 4 \
(2) B,
y (1, tl)“/t
A4, 2
p

;;2 refracted ray
A1Bi is the part of the incident wave front at moment ¢ and A4,B; is the wave front at #,.

IS A )
AlBZ AlBZ

sina_u, mn,

_— =—=n
- 2
sinf u, n,

This is the so called Snell’s Law of refraction.

ny1 1S the relative index of refraction. It is the relative index of the second medium to the first.
It is easy to prove that:

In speaking of optical materials, we often use the term of optical density. A material in which
the speed of light is smaller then in the other is called optically denser. The substance is
optically more dense if its absolute refractive index is grater then the other.

When light passes from an optically less dense transparent medium into an optically denser,

the light is bent toward the normal. If light passes from an optically denser medium into an
optically less dense medium the ray is bent away from the normal.
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@ m @ n

() n, () n, D\
n, >n n >n,

When light travels from a medium to an optically denser medium, n1> n, the maximum angle
of refraction occurs when g =90, then the angle of incidence is called critical angle of total
internal reflection.

sina,, m,
o . &
sin90" n,

If the angle of incidence increases and approaches to the critical value «

.., the intensity of the
refracted ray decreases and approaches to zero.

5.8 Dispersion

Light waves of different frequency (and therefore different wave length in a vacuum) are
deviated by a prism through different angles and are said to be dispersed. n = Je' at high
frequency &' is not strictly constant but depends on the frequency of the light, that is the
refractive index depends also:

n= 8'(\/) , n zn(v)
If the incident beam is composed of several frequencies, each component will be refracted

through a different angle, so due to dispersion the mixed light can be decomposed into
monochromatic components.

prism

screen

/
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