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ABSTRACT 

A further-developed factor analysis method is presented to estimate water content in 

shallow subsurface sediments. Resistivity, natural gamma-ray, neutron-thermal 

neutron and density logs recorded by cone penetration tools are processed 

simultaneously to estimate the vertical variations of factor scores along a 

penetration hole. After the phase of factor analysis, regression tests are performed to 

relate the factor variables to petrophysical parameters of subsoils. In this study, a 

strong linear relationship is detected between the water volume and the first 

statistical factor. The new factor analysis procedure is based on the iterative 

reweighting of data prediction errors using the highly robust most frequent value 

method, which improves the estimation accuracy of factor scores in case of non-

Gaussian data sets. 

INTRODUCTION 

The engineering geophysical sounding (EGS) method has been applied to the in-situ 

investigation of shallow freshwater-bearing formations for more than two decades 

[1]. During the measurement, a cone-shaped tip is pushed into the ground, while 

geophysical parameters including nuclear and electric data are recorded with the 

sensors installed in the tube behind the cone. The well logs of observed quantities 

provide information on the composition, water saturation and geotechnical 

parameters of subsoils. EGS data processing mostly incorporates deterministic or 

inversion methods adapted from oilfield well log interpretation [2], [3]. 

Factor analysis is conventionally applied to reduce the dimensionality of statistical 

problems and extract latent information from the statistical sample [4]. Factor 

analysis of well log data was used for the calculation of shale volume in 

hydrocarbon reservoirs [5]. Exploratory factor analysis of EGS data was suggested 

in [6] to estimate the water saturation of near-surface sediments and to simulate the 

neutron-porosity log to missing intervals. The same method was used for the 

derivation of dry density from the factor scores [7]. Jöreskog suggested a fast non-

iterative factor analysis technique, which gives optimal results for normally 

distributed data [8]. Since this method is rather sensitive to non-Gaussian noises, the 

classical factor analysis algorithm has been further developed for giving a more 

robust solution. By applying a weighting matrix including diagonal elements 

proportional to the deviation of the measured and calculated data (i.e. prediction 

error), an iteratively reweighted least squares solution for the factor scores is given. 
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The solution of classical factor analysis is further improved by incorporating the 

most frequent value (MFV) method used as a weighting procedure [9]. The Steiner 

weights have been previously used in the establishment of a robust inversion-based 

Fourier transformation method, which showed high noise rejection capability [10]. 

In this study, the MFV method-based factor analysis procedure is tested on EGS 

data collected from a Hungarian borehole and its result is compared to that of local 

inverse modelling. 

 

INVERSION OF EGS DATA 

 

The rock matrix of near-surface layers is composed of course and fine grain 

components, while their pore spaces are saturated with freshwater and some amount 

of air. The model vector of the inverse problem is defined as follows  

 

 Tgwscl V,V,V,Vm , 

 

which contains the volumetric ratios of clay (Vcl), sand (Vs), water (Vw) and gas (Vg),  

(T is matrix transpose). Usually natural gamma-ray (GR), density (DEN), neutron-

porosity (NPHI) and resistivity (RES) data are measured by EGS instruments. The 

following response equations can be used for calculating EGS data in the forward 

problem  
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where the physical constants of rock constituents and pore-fluids are indicated by cl 

(clay), s (sand), w (water), g (gas), ρ denotes mass density, ΦN is neutron-porosity, 

and parameters m, a, n represent the cementation exponent, tortuosity factor and 

saturation exponent, respectively. The vector of observed data in given depth is  

 

 TRESNPHI,DEN,GR,d . 

 

Local inverse problems are solved separately in adjacent depths. The objective 

function is chosen as the square of the Euclidean norm of the difference between the 

measured and calculated data. Since the EGS data are of different magnitudes, each 

deviation is normalized by the observed data [11] 
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where N is the number of data processed in a given depth. Since the gas volume is 

calculated by Vg=1VwVclVs, the inverse problem is overdetermined; therefore, a 

stable inversion procedure can be solved by using the Gaussian least squares 

method [12]. By the inversion process, the components of vector m with their 

standard deviations can be properly estimated. 

 

STEINER WEIGHTED FACTOR ANALYSIS 

 

The input of factor analysis is the N-by-K matrix of standardized EGS data (D), 

which is decomposed into two matrices 

 

EFLD  T , 

 

where F is the N-by-M matrix of factor scores, L is the K-by-M matrix of factor 

loadings and E is the matrix of residuals (M is the number of extracted factors, N is 

the number of sampled depths and K is the number of EGS logs). The factor 

loadings and the factor scores are generally estimated simultaneously by the 

maximum likelihood method (MLM). Jöreskog proposed a fast non-iterative 

algorithm for calculating the factor loadings followed by an MLM estimation for 

the factor scores, which gives optimal results for normally distributed data [8]. To 

formulate the robust algorithm of factor analysis, the classical model of factor 

analysis defined in Eq. (8) is modified 

 

efLd 
~

, 

 

where d denotes the KN column vector of EGS data, L
~

 is the NK-by-NM matrix of 

factor loadings, f is the MN vector of factor scores, e is the KN length vector of 

prediction error. In the first step of the procedure, we give an estimate to the initial 

values of factor loadings and scores by Jöreskog’s method. Then the starting values 

are refined gradually by an iterative algorithm, which takes the form in the q-th 

iteration step as 

 

  DFIFFL 1)T(q121)(q1)T(qT(q)   , 

  WdLLWLf 1)T(q1 1)(q1)T(q(q) 
~~~

, 

 

where  is a properly chosen damping factor. The elements of the NK-by-NK 

diagonal weighting matrix W are proportional to the deviation of measured (d) and 

calculated data ( fL
~

).  The elements of matrix W are the Steiner weights 
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where the scale parameter  called dihesion is calculated in the following iterative 

procedure (k=1,2,…,KN and j is the number of iterations)   
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The optimal values of dihesion and parameter M called the most frequent value are 

estimated simultaneously by the MFV method [9]. The larger the distance between 

the observed and predicted data in Eq. (12), the less weight given to the relevant 

datum. The above iterative factor analysis procedure is named MFV-FA method.  

 

CASE STUDY 

 

The MFV-FA method is tested in a penetration hole drilled in Bátaapáti, south-west 

Hungary. The following EGS data types were measured in a shallow sedimentary 

geological environment: cone resistance (RCPT), natural gamma-ray (GR), density 

(DEN), neutron-porosity (NPHI) and resistivity (RES). The RCPT log responds to 

the solidity of soil, the GR log is mainly sensitive to the clay content and lithology, 

the DEN log gives information on porosity and bulk density, the NPHI log gives 

total porosity, and the RES log is primarily used in water content estimation. The 

values of zone parameters are listed in Table 1, which were chosen similarly to [6]. 

The physical properties of air found in Eqs. (2)(4) are practically set to be zero. 

 

Table 1 

The values of fixed zone parameters 

 Zone parameter   Clay Sand Water Unit 

GR  8.90 1.65 0 cpm 

DEN  2.05 2.30 1.00 g/cm3 

NPHI  0.20 0.00 1.00 v/v 

RES  6.00  6.70 ohm·m 

m 1.7     

a 1.0     

n 2.0     

 

The results of Jöreskog’s procedure are improved by the MFV-FA procedure using 

Eqs. (10)(12). The relative distance between the measured and calculated data 

decreases progressively with the number of iterations. The factor loadings and 

factor scores are updated in 15 iteration steps. In addition, in each step of the 

iterative procedure the Steiner weights are recalculated in further 30 steps. In this 

inner loop, dihesion is decreased automatically and changed differently for each 

EGS log (Figure 1-a). Beside the same value of , the larger the distance between 

measured and calculated data, the smaller the weight. With the decrease of , bigger 

deviations contribute less to the solution. The optimal values of diagonal elements 

(13) 



of the weighting matrix W are shown in Figure 1-b, where the weighting 

coefficients are represented as a function of the prediction error. 

 

 

 
 

Figure 1 

Decrease of dihesion during the MFV-FA procedure (a), optimal weights used in 

factor analysis of engineering geophysical sounding data (b). 

 

Two independent factors are estimated by the MFV-FA procedure. The first one 

explains 69.5 % of the total variance of EGS data and its loadings are 0.28 (RCPT), 

0.04 (GR), 0.93 (DEN), 0.94 (NPHI), 0.95 (RES). Between the first factor and 

water content-sensitive logs (NPHI, RES) a very strong correlation is indicated. The 

first factor (F1) is connected to water content (Vw) in regression analysis (Figure 2-

a). The regression coefficients of the linear relation are estimated with their 95 % 

confidence bounds (a=0.034±0.001, b=0.16±0.01). The Pearson’s correlation 

coefficient (R) between the first factor and water content also shows strong relation.   

 

Inverse modelling is useful to confirm the results of the MFV-FA procedure (Figure 

2-b). The forward problem is based on Eqs. (2)(5). After solving a set of local 

inverse problems along the borehole, the measured and theoretical EGS logs 

calculated from the resultant model show good similarity (tracks 14 in Figure 3). 

The average RMS between the observed and calculated data is 4.26 %. The 

computed values of volumetric parameters in vector m are plotted in the last track. 

The two factor logs are given in track 5, while the water content logs extracted by 

robust factor analysis (VW_MFV-FA) and inverse modeling (VW_INV) are in track 

6. It is observable that the water content curve estimated by factor analysis is 

somewhat smoother than that of inverse modeling. The reason of it is that factor 



analysis gives an outlier resistant solution, while inverse modeling is more sensitive 

to data noises. The average RMS between the water content logs estimated by the 

two independent procedures is 1.35 %.  

 

 
 

Figure 2 

Linear regression relation between the first factor and water content in shallow 

formations (a), connection between water contents estimated by the MFV-FA 

procedure and local inversion (b). 

 

 
 

Figure 3 

Results of MFV-FA and local inversion of engineering geophysical sounding data 

in a Hungarian borehole. 



CONCLUSIONS 

 

Engineering geophysical sounding data sets can be transformed into statistical 

factors accurately by using an iterative robust factor analysis procedure. By using 

the MFV-FA method, the uncertainty of data is also taken into account in the 

solution. Strong correlation is found between the first factor and water content in 

shallow sediments, and the linear regression function is specified in a Hungarian 

measurement area. The statistical method is applicable in the processing of real 

engineering geophysical sounding data. The results of classical factor analysis can 

be further improved by using the MFV-FA method. Inverse modelling also 

confirms the results of factor analysis. The suggested method supports the 

petrophysical modelling of heterogeneous shallow formations, which can be applied 

in solving engineering and environmental problems. 
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