Differential equations. I. Exercise set

1. Review exercises.
I.) Compute the following indefinite integrals!

a) zln(3x), b) sin(3x)+/cos(3x), c) 1
Solution:

1 2
a) 51'2 log(3z) — % +C

2 .
b) — 9 0053(31‘) +C

) 5 (log(e —3) — log(a)) + C

I1.) Compute the Taylor series of the following functions around z = xg !

1 1
a) €3,z =0; b) sin(3z), xo =0; c) log(x), zo = 1; d) 1=, 0= 0; e) o To= 0
Solution:
3222 3333 92 923
(l) 1+3£L’+ 91 +T+O(£L‘4):1+3LL’+T+T+O(CE4)
3833 355 3757 9x3  81z®  243z7
b) 3z — — O (z°) = 32 — = - +0(a°
B TR - TOW) =3 -t e - e 106

c) (a?—1)—%(m—1)2—1—%(%—1)3—%(33—1)4—1—0((1;—1)5)
d) 1+z+2°+2°+2*+0(2°)

e) 1—2*+ 2" —2°+ 0 (27)

IIL.) Let f(x) equal to
a) et b) xsin(y?).

Compute f1, f1, o, [, fi, f14, | Compute - f(z,In(z))

Solution:
2 2 2 2 2 2 2 2 210g(1‘)
a) ety 7deﬂv-&-y ,ew-&-y 7deav-&-y ’dew-‘ry ’4y26x+y 4 ¢y ,ew'HOg (z) (x +1

b) sin (y?),2zycos (y*),0,2ycos (y?) , 2y cos (y°) , 2z cos (y*) — 4zy® sin (y?) , sin (logQ(x)) + 2log(x) cos (logQ(x))

2. Transform the following DE into time independent systems!

d

Solution:



3. Express the following DE as first order systems!

d2
a) y'=—y' =2y; b)) y'=y+a; o ) (i;)

(?/1 - yQ)
Yoy

Solution:

Y1 U1
d d (Y v d _
a)fy: ! ; b) — | v a ; c)—vlzvl Y2
dx \v —v — 2y dx dz | Y2 Vg
a y+x
U2 V2Y1
4.
a) y = fle,y)=z—y; )y =flr,y) =y +yz
How much are y” and y"/ ? Write down y’s third order Taylor polynom around z = 0, if y(0) =5 !
Solution:
d d d d\?
" v v . m_ (Y v
y (ax+fay>f’ Y <8x+f5'y> f;
S0

a) y'=-z+y+l, y'=z-y-1,
5, 4'(0)=f(0,5)=0-5, y'(0)=-0+5+1=6, y"(0)=0—-5—1=—6,

6 —6
y(x) =5 — b+ —a? + —a

2! 3!
b) v =2zy+ 22+ 1, o =22+ 8zy® + 6yt + 2y,

y(0) =5, ¥'(0) = £(0,5) =25, y"(0) =251, y"'(0) = 3760,
251
y(x) = 5+ 25z + o1 2 3760

St e

a) f(x)=sinz, zg=m/2; b) f(z)=Vz, 20=09; c) flx)=1/z, mo=2;

Compute f’s linear approximation f(zo + Az) ~ Ti(2o + Az) when Az = 0.1 ! Compute max. ¢z, zo+a2)/f"(2)] 7!
Give a nontrivial upper bound for the error |err(Az)| = | f(zo + Ax) — T1(xo + Az)| !

Solution:

a) sin(r/2+ 0.1) = sin(w/2) + cos(n/2) - 0.1 + err(0.1)

1 1 1
lerr(0.1)] < §A$2maxze[moymo+mg]|f”(z)| = 50.12maxze[ﬂ/2,ﬂ/2+0,1}|cos(z)| < 20.1%-1

¢) 1/(2+0.1) =1/2 —1/2%-0.1 + err(0.1)

1 1 1
lerr(0.1)] < §Am2maxze[zo’w0+Az]\f”(z)| = 50.12maxz€[2’2+0.1]\ —1/2%| = -0.1%-1/4




6. Use the Euler and the Heun methods for the following DE with Az = 0.1 time step and y(2) = 3 initial condition!
a) y =flr,y)=z—y; b ¥ =z—y%

Do the same for

y2(2) 3
What are the predictions of these methods for y(2.1) ?

with initial condition: (yl (2)> = (2)

Solution:

a) Euler: y(21)~y(2)+(2-3)-01=3+(-1)-0.1 =2.9,
y(2.2) ~ y(2.1) + (2.1 — 2.9) - 0.1
Heun: ki=f(2,3)=2-3=—1, ky=f(2+0.1,3+f(23) 0.1)=21-29=—0.8,

1 1
y(21) = y(2) + 5k +k2) 01 =3+ 5(~1-08)-0.L.

7. Solve the DE with y(0) = 1 initial codition! Study the unicity of the solutions!

o)y =y, b y=y, oy=y"" A y=Vy, y>0 e ¢ =y,

Solution:

a) y(z) =e"
d d d 1
b)£:y27 - %:dim - /?g:/dzv - 77:$+Ca

dx Y Y
1 1
(y(O)zl = —IzO—I—C, — C:—l), = y(x)zl_x
1 x 1010
) ylx) = m
1z +2)? haz> -2,
d) y(z) = 0, haC <z < -2

—1(+C)? haz <C

(where C' < —2 is an arbitrary constant).

b) d)

4.

02zt
3 L

01F
2 F

-______..l- M—1.0-0.5 0.5 1.0
-0 F
-10 =05 ] 0.5 1.0 0.2

The solution is defined on:
a) and d): (—oo,00),

b): (—o0,1),

¢): (—o0,10).

The solution is not unique for case d), as the Lipsitz condition is violated at y = 0.




8. Draw the velocity field and solution curves of the ¢y = f(z) DE!

a)y =1, b y=z oy=1-z dy=2> e y=1-2%

Solution:
¢)
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9. Draw the velocity field and solution curves of the y' = f(y) DE! Find the fixpoints of the dynamics and write down
the linearized DE around the fixpoints! Study the stability of the fixpoints!

a) J =1, b) Y =, c) y = —y, d) v =y+1,
oy =-1+y.  Ny=yd-y). 9 v=yl-y»Q1+y.
Solution:

b) ¥ =y

2F
1} el
o
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=1 ~al [] i i —2. f
-2 -1 [i] 1 2 -2 -1 a 1 r
g v=Fy)=yl-y)A+y) =+y—y°
flly) = d%f(y) =1 — 3y?. The fixpoints:
Y1 = 07 Y2 = 17 Yys = _la
f'ly1) = f(0)=1-3-02=1>0, f(1)=-2<0, f'(-1)=-2<0.

The sign of f’ determines the stability of the fixpoints 1, y2, y3: unstable, stable, stable.

The linearized equations:

d d d d d d
Lly—0)=—Ay; =1-A Lly—1) = —Ayp = —2- Ay, Ly— (1) = L Ays = —2- Ay,
L0 =—An Y1, 1= Ay Y2 W= (1) = Ays Y3
2 i :- ¥ II II : II B II II III : Il : |I I-| : l-l .: ] 2
3t AR T
2} M :
1] N et ot b A e :
. L or ==
-3 _F 1 - e :
. T S e =
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-3 2 T PR ] ¥ —2-.‘
-2 -1 8] 1 2 -2 -1 i} 1 2

. Find the eigenvectors and eigenvalues of A ! Find the similarity transformation S which diagonalize A4, i.e. D = S~tAS
where D is diagonal! Express v as the linear combination of the eigenvectors! Compute A'3v !

om o(gs) oG oG o(%e) 06D

2 1 0 2 -3 0
g) 0 3 0 h) 3 2 0
0o 0 7 0o o0 7
Here v is:
3 1
g v-no=(1) g-m o=
4
3
Solution:
b)

Eigenvalues: A\ = 3, Ao =2,
eigenvectors:



As A is a diagonal matrix, these results are trivial.

Charactristic equations for the eignvalues:

2—-A 1

det(A—/\E):‘ 0 3-21

':(2—/\)(3—/\)—1-0:0
FEigenvalues: A\ = 3, Ao =2.
Eigenvectors (for A\; = 3):
(Ga))=2(0) e (075 ()
0 3 Yy Yy 0 3—3 Y
( z ) Choose a nonzero vector, eg. z = 1.

() ()

The similarity transformation that diagonalize A:

psas= (1) (30 (10)-(58)

Here S consists of the v; and vy column vectors.

> ()

Eigenvectors:

How much is A8y ?

13, ~1\13,, _ 1B3ag-1. (1 1 310 0 1 3
A¥v=(SDS™")"v=SD"S v—(l 0)( 0 913 1 1 4

or
3
( 4 ) = awy + Pz,

where

a ) _ g1 3y _ (0 1 3\ 4

8 ) 4 /1 -1 4 )\ -1 )
consequently

Ay = AB(avy + Bug) = aXPor + BABwy = 4313 < 1 > +(—1)-21 < é >

f)

Eigenvalues: \; = 2 + 33, Ao =2—3i,
Eigenvectors:



Eigenvalues: A1 = 3, Ao =2, A3 =1,

Eigenvectors:
1
V1 = 1 > Vg = 0 , V3 =
0 0
1
3
0

O N O —
— o O
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4
—
b
n
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p—
|
—_
(an)
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N o O
e
OO =
_ O O
Il
o O W
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11.

Solve the following DE for the A matrices of the previous exercises!

d
—_— = A =
Y =4y, y(0)=v

Write down the general and the particular solutions.
Compute exp(zA) ! Express the particular solution with the help of exp(zA) ! Study the stability of the y = 0 fixpoint!

Solution:

d)

FEigenvalues: \; =3, Ay =2 . Kigenvectors:

The general solution:

If

then the particular slution is

o) =2 (1 )+ cnee (1)

As the real parts of the eigenvalues are positive, the y = 0 fixpoint is unstable.

zA _ _xSDS™' _ D g—1 __ 11 eSx 0 0 1
c e =S _(1 0)(0 €2 1 -1

12.

So the particular solution is
3
ypm‘t(x) = 61A ( 4 ) .
1

y" = —y. Write down the characteristic equation and the general solution of the DE! Write the DE as a first order
sysyte, solve it and compare the solutions!

Solution:

The characteristic equation:
yY'=—y = MN=-1 = MN=0+1-i, \g=0-1-4,
general solution:

y = Cre0+DT 4 0, p(0-Dz _ 0z (51 cos (1 -z) + Cysin (1 - :1:))

Here Cy = C1 /2 + Cy/(2i), Cy = C1/2 — Cs/(2i).

First order DE system:



Eigenvalues and eigenvectors of A:

General solution:

13. Find the eigenvalues and eigenvectors of A !
700
0 1 2 1 2 3
a)( ) b)( ) c)( ) o (o2 3
0 0 0 2 0 2 00 2
Compute exp(zA) !
Solution:
¢)
Eigenvalue:
2—-A 3
O—det(A—)\E)—’ 0 2_/\‘ = M =2
The only eigenvector:
23x_2x:>x_x aisv—l
0 2)\y) " "\ y) ~\o)>  VYE 1=
exp (zA) :
2¢ 0 0 3z 2z 0 0 3z
eXp(“”A)_eXpKo 2x>+<0 0)]‘“"(0 2x)'eXp(o 0)
(0N (1 0y, (0 Bx\ 10 a\T | (e 0 (1 3a) _ (e 3ae™
L0 e 0 1 0 O 210\0 O L0 e 0 1) \o0 e2®
The first, exp(C + D) = exp(C) - exp(D) type rewriting is possibble since [C, D] = CD — DC =
e 0 O3x703xe2w070070
0 e 0 O 0 O 0 e/ \0 0/
At last we used that ) )
0 32\° . /0 1\? (0 0\ _
(0 0) = (32) (0 0) _<0 0)_0
14. Solve the following DE for the A matrices of the previous exercise

d
—_— = A =
Ty = Ay, y(0) =0

write down the particular solution with the help of e*4, if v is:

Solution:

c)




15. Damped oscillator: ¢y = —y — ky’. Find the general solution! How much is k if the char.eq. has only one solution?
In that case write the DE as a first order system, and study the coefficient matrix’ Jordan normal form.

Solution:

Char.eq.:
y”:—y—ky’ — )\22—1—]€)\ — Ao =
There is only one root, if & = £2. We stick to the kK = 2 case, so A = —1.
General solution:
Yait = Cre™ % + Coxe™ .

The same as a first order system:

A’s eigenvectors and eigenvalues:

Jordan normal form:

A'Ul = /\1117
Avy = vy + vy
tehat

n=(1) (W) s=( )

e [ 11
J=5 AS_<O _1>

So
671‘

exp(zA) = exp(xSJS™!) = Sexp(xJ)S™' =S ( 0 x:_; > st

16. 3" =y — y3. introduce p = y’. Show that the DE can be written in the following Hamiltonian form:
,  O0H , OH

y_ﬁip’ p__87y’

Compute H ! Show that H' =0 !

Write the DE as a first order system, find its fixed points, write down the linearized DE around the fixed points and
study the stability of the fixed points!

Solution:

0H p?
! = = — H s = — —|— h s
v=r=1 (y,p) =5 +h(y)
8H p2 y4 y2
/ " 3
P=y"=y—y oy 5T T3

H=p'+v* -y =py—v)+w-v) =ply—-v*)+y—y*)p=0

The first order DE system:

Equilibrium states (fixedpoints):



(o) -

A Jacobi matrix:

J:

@ - (y Ly

) 1
=
9 9
9 prs Fppa :( 0 2
W=y -y 1-3y

The values of the Jacobian at the fixedpoints:

() = (O :

The eigenvalues of the matrices:

Y- (17_1)7

Mivel

Y1

Do)

Yo -

-1<0<1
Ya.3 1 R(0 £ V/2i) = 0, (0 +V/2i) #0

J(y2) = ( J(y3)

0 1
o)
(0 — V/2i,0 + V/2i),

=

=

The linearized DE around for example around ys:

d

dzx

y—1
p—20

d

dx

0 1
-2 0

)= (1)

(

Y3 :

(% o)

(0 — V/2i,0 + v/2i).

y1 saddle point, unstable

12,3 center, stable,

)(5)

.‘ & . [ 4 T - - ,
A : 1 T gt T N SNl i R
i O ™ o N 1 R T ot e, h
_‘ 1 r ¥, - " - - ""_r .-.-'.. o V]
o5 /f v o . [T OERAR o AL b LY
i Y, r, ; g
il i 3 n 0.4 E L T ‘_f -"_-‘,- FE ML MR
L ; " - L1 LB . : [}
i L] (] ! RN T i g = 4 d
Fofg LR ', A i
1 ! . LIfna LR 5 | ! YL
: : 1 e L VO T 3
I ¥ 1 B L] R P I LE T
i .| | » i ¥ 5 ! A # f i |
i | | 1 Fodfd | 1 L] ! / 1
1 i i
i r i 1 } I )
0.0 | T4 oof (||} 2 1 I 01 B ARENE
L I C i . K . !
i | | Ao e R b T
e R | Y ok 4 ! Fi TR [ 2,
H ] [ ' —D.E— L ] i fi' = K E 4 ¢
[ r vl { N L o
L i L) fi i o L L E f, o L] \ .I
i i T i o \ = LT ™ Ay = Pl
K F ’ | 04 i AR L '._.- LN T !
~0.5F ) P ST 5 I r A RS
| * ! r r _l- ol 3 -, -\.‘-\...\\. -\.. _'
L - & - P - | L K oy i Ly
W ; # & ¥ { —06E \ i s Wy Yk W =
; i L " o T X - i/
) F
N TN T T S S Y N Y Y Y Y Y Y NN S N [ Y Y | L1l b e b 1 1 e
-1.5 -10 -05 00 05 10 1.5 -5 -14 -05 00 05 10
T 1 1 1 1 1T 1T [ ©T T T T [ T T T T 11T 71 1 1T 1 1. 1 T 11T 1T 1 1 T 1T [ T T T T
ozt O R e e i e T e
i T i, e N e i W8
v - - i - . e S w7 - g = - - - - —— Eine ™,
- e - - e et SRR 2 - S = i -—— 2 .
7 P - - - a7 B - . T - - - - -
L v e = 5 ¥y - = - .L".. “"1. =1 - -r".“-' . pr = -.I- "‘-‘ T, e
A - - * - o = " .,
. - - Pt - - — . .~ .
0l 7 - - = e T e 5 0lrF e - T R e Ty
-~ r - = - BN B e o o z"_..- e -— o, T -
L i Pl -‘._ e - T, .\\ iy . -1 - P _,'r' '. iy e - —— .*.'.* n \.‘ a8
i # o -,..-" .-.. B e N g A ."..ﬂ".:".l. -.. o s e e L e
o Pl r‘.. e O eV, W W | | P ’. _'._-}__, o - . o
AN A - - " [ 1 L 1 i L -y " T
JE S AT LT TR TR T T T S N I PR e W L G T L L T
| I\ ') ¥ - * ! § b d 4 i i | Ld - N A A |
ge: (- LU R Y]y bl o 7 o A S N T L T
B A | 5 - * + H | 1 & | A 3 & g I F [}
k v L k o . - oy Fod ' _l' | L L -h . - i F I 4 F [ ]
A\ W T G, S, T e g L | | 1 L % e ;
o .'r_\ P, ! S - .-l' l" ¥ F F L % '\..\\ "\."- - - d i r R R ;
~, S e s -—" b g P r il B ".\x M R T e - - o F K
- — . - e -
SEEL M T e A A LR NN Tty Sl o
. b = - = & pr P = - ™ - = — Py
L B - = —— ’ . Lo b i = - -— - &
- . - - a i - - T Wi SO . - = »
L T 3 i L e e e T -
-, W, - = - i A " - - - - " e
gy Vi A S oo S0l S TR Vi, I o
L = = - ay e il
B - - = - - " - E o e, W = - -+ P
o el A - w - o
_|:|_2_ = - a <) _|:|_2_ - - - -
| N Y (N S N [N Y T S S [N A Y N [N N IR R N | | N S S I NS N Y TN T TR T [ T Y N [ (R S |
0.90 0.95 1.00 1.05 1.10 -0.10 -0.05 0.00 0.05 0.10

The first row shows the velocity field and solution curves of the DE. The first figure of the second row presents the

solution curves of the nonlinear DE around the ys int, while the second (almost identical) figure presents the

solution curves of the linearized DE.
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17. Write down the Euler-Lagrange equations for the Lagrangians L and M !

18.

W)=y v +8, )P+y, L=u)"+y-1)7
M = ((1/1)2 + (y/z)2) /2 =V (y1,92),
(1) + (W5)?) /24 Ar(y1, y2)vh + Az(y1, y2)¥5

Solution:
L:
oL OL
= _9 o _ N3
5, =21 G =40
d
— (4(y")?) = 2(y — 1) = 0.
- (4)7) =2 - 1)
M:
oMm _, oM _ , OM_ OV oM _ oV
(91/1 — e 32/'2 G o B 8yl7 0ya B (9y2’
d , oV d , ov
—y; — (——=—) =0 —Ys— (—=—) =0
de' yl ( 8y1 ) ) de y2 ( ayz ) )
vagy
ov ov
no_ v n_ _ 77
250 8y17 Y2 E

Let Sfu] = fol(y’(x))4 + zy(x) dx where u is defined on [0,1] and vanishes at the endpoints. Let V be defined on
[0,1], assume that it vanishes at the endpoints and is continuous. Assume also that elements of V' are piecewise
affine on the [0,1/3], [1/3,2/3], [2/3,1] intervals. Let ¢1 and ¢2 be a basis of V, such that ¢1(1/3) = ¢2(2/3) =1
and ¢2(1/3) = ¢1(2/3) = 0. Let up = c1¢1 + ca¢p2. Compute the Sup] = s(c1,c2) two variable function! (For the
computation of the zy(z) term in the integral use some approximate method!)

Solution:

Sfun]
%[@m4+@@q»4+(%ﬁ‘ﬂ
A EYCTE ST S VEUP T ;+;(.CQ+1.O>.]

11



