1. Let

at¢(ta ‘7:) = 0§¢(t’ ‘7:)7 gb(t,m + 27T) = ¢(ta x)’ ¢(Oa x) = f(a:),

where f(x) =55, if x € [1,2], otherwise 0 on [, 7]..
1. Give an orthonormal basis of L?([0,4], dz) !
2. Express f with the help of this basis!

3. What is ¢(t,x) 7 use Fourier series to express ¢ !

2. e Compute the Laplace transform L(f(t)) = F(s) of the following functions!
H(—4t+8), H(—4t—8), H(t —3)H(—t —5), exp(—4t + 8), sin(—4t + 8), cos(—4t + 8) (here H is the
Heaviside theta function).

o Let f(t) =t —1 and g(¢t) = t. What is their h = f % g convolution?
How much is £(f(t))L(g(t)) — L(h(t))?
Variansok: Repeat the exercise for the following pairs of functions:
(a) 1, 1,

(b) 5, t,

(c) t, t

(d) t, t2.

3. Finite elements, variational principles.
Divide the interval [0, 1] into four subinterval with the following list of points: z; = 0.2, 0.4, 0.8. Let v(x)

be the function which is affine on the subintervals and its values at the points x = 0, 0.2, 0.4, 0.8, 1 are
0,v1, v2,v3,0.

e Compute
1
Energylv] = / 2(0/)2 — v — (2? — Dvdx
0
exactly or approximately (specify your method of approxiamtion.)
e Write down the Euler-Lagrange equations for Energy[u] !

Variansok:
Repeat the exercise for

1
Energylv] = / 2002 =o' — (2 — 1)vdz,
0

1
Energylv] = / 20— — (22 — Dvtdz
0
Write down the Euler-Lagrange equations for the following L(w, @) Lagrange functions:

(u1)? + (up)? + wrtd + uruz,

/ /
ULUY + UUS.

4.y + 4y + 8y = 5t%, y(0) =2, y'(0) = 3. What is Y(s)? (L(t") = -27)
What is the partial fraction decomposition of Y(s) ?
Mennyi y(t) ?

Variansok: Repeat the exercise for
y" + 9y =5(t — 1), y(0) =2, ¥'(0) =3,

y" +9y =5(t—1)% y(0) =2, y(0) =3, y"(0) =2,
Y +9y=1t>—1, y(0) = 2.



5. Let
i—(t) _ i Y1 _ 5 6 1 yl(o) — 2
at” dt \y2 7 8)\y2)’ y2(0) 3)°
Compute the %(t) solution’s Laplace transform Y (s) !

Variansok: Repeat the exercise for

0= () -G 2 G) o G)-0) () -G6)

6. Which functions are holomorphic?

fE) =fatiy) =—x—iy, f(2)=[flx+iy)=—z+iy, [f(z)=[flz+iy)=—z—iy,
f(2) = f(z +iy) = 2% + 2izy — 2%,  f(2) = f(z +iy) = 2 + 2izy + 297,
f(2) = f(x +1y) = e“(cosy +isinx), f(z)= f(z+iy)=e"(cosy+isiny)

Solution: f(z) = f(z +iy) = u(z,y) + iv(x, y) holomorph, if Cauchy-Riemann equations are satisfied

For example f(2) = f(x + iy) = 2% + 2izy + 2y? is not holomorph, since
/
(:c2 + 2y2)x =4z = (Qxy); ,
!/
(:L'2 + 2y2)y =4y # — (ny); =2z,
so the second CR equation is violated.

7. Let f(x) = Yx. What is the linear approximation of f around zyp = 4 ? Give an upper bound for
|f(44 Azx) — f(4) — f'(4)Ax|, if Az €]0,0.1]!

Variansok: Repeat the exercise for
f(z) =z, x¢=64,
flx)=1/z, x¢=4,
f(z)=1/2% x9=4,

8. Let y/(t) = (2+ 4%(t))t, y(1) = 1. Compute the third order Taylor polynomof y(1 + At) !

Variansok: Repeat the exercise for

y(6) = y()2(t + 1),
Y () = y(t) + 3.

9. Let y/(t) = (y*(t) — 1)(t — 1), y(3) = 2. What is Heun’s method prediction for y(3.001) ?

Variansok: Repeat the exercise for

y() =y (1) —t, y(3) =2,

=g ()=G 0 GE)-6)



