Differential equations. Quiz.2 problems

. Let u=(1,i)T, v= (3 —14,2+44)T. Compute (u,v) and (v,u) !

Sol. (u,v) =1(3—14)+i(2+4i) =7 — 34, (v,u) = (u,v) =7+ 3.

. e = ﬂ(l,i)T, ey = %(z, DT, u=3+1i,4—2))T, u=aie; + azes. Compute a5 !

Sol. e 2 is an othonormed basis, so o, = (e, u). In particular a; = %(1 —3i), ag = %(5 — 57).

e = (0,07, eg = is an orthonormed basis, then how much is a?
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Sol. (e1,e2) = 3((—i)i+ (=)o) =0 = a = —i.
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Compute A*!

Sol. (A*)’Lj = Aji7 SO
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If Ay 2 are the eigenvalues of B, than how much is Im(A; — Ag) ?

Sol. B is self-adjoint, so its eigenvalues are real numbers, consequently the answer is 0.
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If A1 2 are the eigenvalues of B, than how much is Re(A; — A2) ?

Sol. B is self-adjoint, so the answer is 0.

. We claim that the set of functions e, (x) = sin(nz), n = 1,2, ... is an orthogonal complete basis in H = L?([0, 7], dx).
Construct an orthonormed basis in H !

Sol. The average value of sin(z) and cos?(x) is 1/2 over an interval of length 7, since sin®(z) + cos?(z) = 1. So the

basis é(z) = \/gsin(nx), n =1,2,... has the proper normalization.

. Let f be a function on [0, 7] and express f(z) as > %, fnsin(nz). Compute f, ! (Repeat this exercise for different
orthonormed basis functions (ex. 9-11)!)
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Outline of the theory of orthogonal series (Fourier transform): Let e, be an othonormed basis. Then a
vector u can be expressed as u = Y., fnen = > (en,u)e,. The application of this scheme for L?([—m, 7], dz) (as
known as the Fourier transform) is the following:

Othonormed basis: e, = ﬁemx, n € 7.

Fourier transform f — f :

fu = (e ) = / e fa) do = —— —/ e do

Inverse Fourier transform f — f:

5= (z f> YL
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If an orthogonal (but unnormalized) basis e,, was used, then we can use the following transformations

F@) S f= (e NI 1= fuen.

(€nsen)

Sol. . . i
fon="——=(€n, f) = 7/2/0 sin(nz) f(z) dz.

(ena en)

. We claim that the set of functions cos(nx), n = 0,1,2,... is an orthogonal complete basis in H = L?([0, 7], dx).

Construct an orthonormed basis in H !

Sol. Orthonormed basis: ﬁ, \/gn =1,2,....

We claim that the set of functions sin(nz), n = 1,2, ... is an orthogonal complete basis in H = L?([0, 7], dx). Construct
an orthonormed basis in L?([0, 88], dz) !

We claim that the set of functions sin(nx), n = 1,2, ... is an orthogonal complete basis in H = L2([0, 7], dz). Construct
an orthonormed basis in L?([—77,88],dz) !

Sol. Orthonormed basis: ﬁ sin((w/(88 — (=77))) - n(x — (=77)), n=1,2,...

In the sequel the characteristic function XD 18 defined as xp(z) = 0 if x ¢ D, otherwise xp(z) = 1. Let f(z) =
Xp.1)(®), f(2) =z fnr Compute fs !

Sol. 1 )
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Let f(x) = xj0.11(z) € L*(R,dz). Compute f(2.3)!
Sol.
f(23 / —223a:f( )da?— / —i2.3% | g0 e 23w ! - L(e—z‘~2.3_ 1)
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If ¢(x,t) satisfies (03 — 902,)¢ = 0 and ¢(z,t) = e*#*+“8)  then what is the relation between k and w ?

Sol. aztei(kx+wt) — (Z‘w)26i(ka:+wt 62 i(krtwt) (Z‘k)261'(16:13+wi§)7 Sow?2 —9k2 =0 — |w| — 9|]€|
If ¢(x,t) satisfies (02 — 992, — 02,)¢ = 0 and ¢(x,t) = €'« then what is the relation between k and w ?

0o(t,x) = 02,4(t, ), ¢(0,z) = sin(4z) + 5 cos(6z). Compute ¢(t, ) !

Sol. sin(4z) and cos(6x) are eigenfunctions of the operator 92, :
02, sin(4x) = —4%sin(4x), 02, cos(6x) = —67sin(4x).

So the solution is ) )
o(t,x) = eV tsin(4x) + 5= cos(6z).



