
A 6. feladatlap gyakorlatra javasolt feladatainak végeredményei, részletesen
kidolgozott megoldásai

Improprius integrálok

1. Számoljuk ki a következő improprius integrálokat!

(a)

∞∫
1

1

x
dx; (b)

∞∫
1

1

x2
dx;

(c)

0∫
−∞

ex dx; (d)

∞∫
0

xe−x
2
dx;

(e)

∞∫
2

1

x lnx
dx; (f)

∞∫
0

3−10x dx;

(g)

∞∫
0

sinx dx; (h)

∞∫
0

sinx

ex
dx;

(i*)

∞∫
1

1

x
√
x2 + 1

dx; (j)

∞∫
1

e
√
x dx;

(k)

∞∫
−∞

1

1 + x2
dx; (l)

∞∫
−∞

x

1 + x2
dx.

Megoldás:

(a)

∞∫
1

1

x
dx = [lnx]∞1 = lim

R→∞
lnR− ln 1 = lim

R→∞
lnR =∞;

(b)

∞∫
1

1

x2
dx =

∞∫
1

x−2 dx =

[
−1

x

]∞
1

= lim
R→∞

−1

R
− −1

1
= 0 + 1 = 1;

(c)

0∫
−∞

ex dx = [ex]0−∞ = e0 − lim
R→−∞

eR = 1− 0 = 1;

(d)

∞∫
0

xe−x
2
dx =


x2 = t

x =
√
t

dx =
dt1

2
√
t
dt

 =

∞∫
0

√
te−t

1

2
√
t
dt =

1

2

∞∫
0

e−t dt =
1

2
[−e−t]∞0 =

1

2

(
lim
R→∞

(
−e−R

)
− (−e0)

)
=

1

2
(0 + 1) =

1

2
;



(e)

∞∫
2

1

x lnx
dx =

∞∫
2

1

x
lnx

dx =

∞∫
2

(lnx)′

lnx
dx = [ln ln x]∞2 = lim

R→∞
(ln lnR)− ln ln 2 =∞;

(f)

∞∫
0

3−10x dx =

[
3−10x

−10 ln 3

]∞
0

= lim
R→∞

3−10R

−10 ln 3
+

30

10 ln 3
= 0 +

1

10 ln 3
=

1

10 ln 3
;

Megjegyzés:

lim
R→∞

3−10R

−10 ln 3
= − 1

10 ln 3
lim
R→∞

3−10R = − 1

10 ln 3
· 0 = 0.

(g)

∞∫
0

sinx dx = − [cosx]∞0 = − lim
R→∞

cosR+1 nem létezik. Az improprius integrál divergens.

(h) Parciális integrálással:∫
sinx

ex
dx =

∫
e−x sinx dx = −e−x sinx−

∫
−e−x cosx dx =

= −e−x sinx+

∫
e−x cosx dx = −e−x sinx+

(
−e−x cosx−

∫
−e−x (− sinx) dx

)
=

= −e−x sinx− e−x cosx−
∫
e−x sinx dx,

ı́gy ∫
sinx

ex
dx =

∫
e−x sinx dx = −1

2
e−x (sinx+ cosx) .

Tehát:
∞∫
0

sinx

ex
dx =

[
−1

2
e−x (sinx+ cosx)

]∞
0

= lim
R→∞

(
−1

2
e−R (sinR + cosR)

)
+

1

2
1 =

1

2
,

mert lim
R→∞

e−R = 0, sinR + cosR pedig korlátos, ı́gy lim
R→∞

−1
2
e−R (sinR + cosR) = 0.

(i)

∞∫
1

1

x
√
x2 + 1

dx =

{
x = sh t

dx = ch t dt

}
=

∞∫
arsh 1

1

sh t
√

sh2t+ 1
ch t dt =

∞∫
arsh 1

1

sh tch t
ch t dt =

=

∞∫
arsh 1

1

sh t
dt =

∞∫
ln(1+

√
2)

2

et − 1

et

dt =


et = u
t = lnu

dt =
1

u
du

 =

∞∫
1+
√
2

2

u− 1

u

1

u
du =

=
∞∫

1+
√
2

2

u2 − 1
du =

∞∫
1+
√
2

1

u− 1
− 1

u+ 1
du = [ln |u− 1| − ln |u+ 1|]∞1+√2 =

=

[
ln

∣∣∣∣u− 1

u+ 1

∣∣∣∣]∞
1+
√
2

= lim
R→∞

ln

∣∣∣∣R− 1

R + 1

∣∣∣∣− ln

∣∣∣∣∣
√

2√
2 + 2

∣∣∣∣∣ =



= lim
R→∞

ln

∣∣∣∣∣∣∣
1− 1

R

1 +
1

R

∣∣∣∣∣∣∣− ln

√
2√

2 + 2
= ln 1− ln

√
2√

2 + 2
= − ln

√
2√

2 + 2
;

(j)

∞∫
1

e
√
x dx =

[
2e
√
x (
√
x− 1)

]∞
1

= lim
R→∞

2e
√
R
(√

R− 1
)
− 0 =∞;

(k)

∞∫
−∞

1

1 + x2
dx = [arctgx]∞−∞ = lim

R→∞
arctgR− lim

r→−∞
arctg r =

π

2
−
(
−π

2

)
= π;

(l)

∞∫
−∞

x

1 + x2
dx =

1

2

∞∫
−∞

2x

1 + x2
dx =

1

2
[ln (1 + x2)]

∞
−∞ =

= lim
R→∞

1

2
ln (1 +R2) − lim

r→−∞

1

2
ln (1 + r2) = ∞ −∞, tehát az improprius integrál nem

létezik.

2. Számoljuk ki a következő improprius integrálokat!

(a)

1∫
0

1

x
dx; (b)

1∫
0

1√
x
dx;

(c)

1∫
0

lnx dx; (d)

π
2∫

0

tg x dx;

(e)

2∫
0

x√
4− x2

dx; (f)

2∫
0

1

sh2 x
dx;

(g)

3∫
0

1√
9− x

dx; (h)

π
4∫

0

1

cos2 2x
dx.

Megoldás:

(a)

1∫
0

1

x
dx = lim

ε→0

1∫
0+ε

1

x
dx = lim

ε→0
[lnx]1ε = ln 1− lim

ε→0
ln ε = 0− (−∞) =∞.

Az improprius integrál divergens.

(b)

1∫
0

1√
x
dx = lim

ε→0

1∫
ε

1√
x
dx =

1∫
ε

x
−1
2 dx = lim

ε→0

[
x

1
2

1
2

]1
0

= lim
ε→0

[2
√
x]

1
0 = 2− 2lim

ε→0

√
ε =

= 2− 0 = 2. Az improprius integrál konvergens.



(c)

1∫
0

lnx dx = lim
ε→0

1∫
ε

lnx dx = lim
ε→0

[x lnx− x]1ε = (ln 1− 1)− lim
ε→0

(ε ln ε− ε) =

= −1− lim
ε→0

ε ln ε+ lim
ε→0+0

ε = −1− lim
ε→0

ε ln ε = −1, mert

lim
ε→0

ε ln ε = (0 · −∞) = lim
ε→0

ln ε
1
ε

=

(
−∞
∞

)
= lim

ε→0+0

1
ε
−1
ε2

= lim
ε→0

(−ε) = 0.

(d)

π
2∫
0

tgx dx = lim
ε→0

π
2
−ε∫
0

tgx dx = −lim
ε→0

π
2
−ε∫
0

− sinx

cosx
dx = −lim

ε→0
[ln (cosx)]

π
2
−ε

0 =

= −
(

lim
ε→0

ln
(

cos
(π

2
− ε
))
− ln 1

)
= +∞. Az improprius integrál divergens.

(e)

2∫
0

x√
4− x2

dx = lim
ε→0

2−ε∫
0

x√
4− x2

dx =

(
−1

2

)
lim
ε→0

2−ε∫
0

(−2x) (4− x2)
−1
2 dx =

=

(
−1

2

)
lim
ε→0

[
(4− x2)

1
2

1
2

]2−ε
0

= −lim
ε→0

[√
4− x2

]2−ε
0

= −
(

lim
ε→0

√
4− (2− ε)2 − 2

)
= 2.

Az improprius integrál konvergens.

(f)

2∫
0

1

sh2x
dx = lim

ε→0

2∫
ε

1

sh2x
dx = lim

ε→0
[−cthx]2ε = −cth 2 + lim

ε→0
cth ε = −cth 2 +∞ = +∞.

Az improprius integrál divergens.

(g) Nem improprius integrál.

3∫
0

1√
9− x

dx =

3∫
0

(9− x)
−1
2 dx =

[
2 (9− x)

1
2

−1

]3
0

=
[
−2
√

9− x
]3
0

= −2
√

6 + 6.

(h)

π
4∫
0

1

cos2 2x
dx = lim

ε→0

π
4
−ε∫
0

1

cos2 2x
dx = lim

ε→0

[
tg 2x

2

]π
4
−ε

0

= lim
ε→0

(
tg
(π

2
− 2ε

))
− 0 =∞.

Az improprius integrál divergens.

3. Határozzuk meg az f : R+ → R, f(x) = x lnx függvény grafikonja és az x-tengely által
közrezárt véges śıkrész területét!

Megoldás: µ(T ) = −
1∫
0

x lnx dx = −lim
ε→0

1∫
ε

x lnx dx.

Parciális integrálással:



∫
x lnx dx =

{
u(x) = ln x u′ = 1

x

v(x) = x2

2
v′(x) = x

}
=
x2

2
lnx− 1

2

∫
x dx =

x2

2
lnx− x2

4
+ c.

Így:

µ(T ) = −lim
ε→0

1∫
ε

x lnx dx = −lim
ε→0

[
x2

2
lnx− x2

4

]1
ε

= −
(
−1

4
− lim

ε→0

(
ε2

2
ln ε− ε2

4

))
=

1

4
,

mert

1

2
lim
ε→0

ε2 ln ε = (0 · ∞) =
1

2
lim
ε→0

ln ε
1
ε2

=
(∞
∞

)
=

1

2
lim
ε→0

1
ε
−2
ε3

= −1

4
lim
ε→0

ε2 = 0.

4. Számı́tsuk ki a következő integrálokat!

(a)

1∫
0

1

(4− x)
√

1− x
dx; (b)

√
3∫

0

1√
3− x2

dx;

(c)

∞∫
1

2x2 + 4x+ 5

(x2 + 4x+ 5)x2
dx; (d)

∞∫
1

x−2 arctg x dx;

(e)

∞∫
2

x+ 3

(x− 1)(x2 + 1)
dx; (f)

∞∫
−∞

x

(x2 + 1)(x2 + 2)
dx.

Megoldás:

(a)

1∫
0

1

(4− x)
√

1− x
dx = lim

ε→0

1−ε∫
0

1

(4− x)
√

1− x
dx =



√
1− x = t

1− x = t2

dx = −2t dt
4− x = 3 + t2

x 0 1
t 1 0


=

= −lim
ε→0

1∫
0+ε

(−2t)

(3 + t2)t
dt = 2 lim

ε→0

1∫
ε

1

t2 + 3
dt =

2

3
lim
ε→0

1∫
ε

1(
t√
3

)2
+ 1

dt =

=



t√
3

= s

t =
√

3s

dt =
√

3 ds
t ε 1
s ε√

3
1√
3


=

2

3
lim
ε→0

1√
3∫

ε√
3

√
3

s2 + 1
ds =

2
√

3

3
lim
ε→0

[arctgs]
1√
3
ε√
3

=

=
2
√

3

3

(
arctg

1√
3
− lim

ε→0
arctg

ε√
3

)
=

2
√

3

3

(π
6
− 0
)

=

√
3π

9
.



(b)

√
3∫

0

1√
3− x2

dx =
π

2
.

(c)

∞∫
1

2x2 + 4x+ 5

(x2 + 4x+ 5)x2
dx =

∞∫
1

x2 + (x2 + 4x+ 5)

(x2 + 4x+ 5)x2
dx =

=

∞∫
1

1

x2 + 4x+ 5
dx+

∞∫
1

1

x2
dx =

∞∫
1

1

(x+ 2)2 + 1
dx+

∞∫
1

1

x2
dx =

π

2
− arctg3 + 1,

mert

∞∫
1

1

(x+ 2)2 + 1
dx =


x+ 2 = t
dx = dt
x 1 ∞
t 3 ∞

 =

∞∫
3

1

t2 + 1
dt =

= lim
R→∞

[arctgx]R3 = lim
R→∞

arctgR− arctg 3 =
π

2
− arctg 3,

és

∞∫
1

1

(x)2
dx = lim

R→∞

[
x−1

−1

]R
1

= −
(

lim
R→∞

1

R
− 1

)
= 1.

(d)

∞∫
1

x−2 arctg x dx =
π

4
+ ln
√

2.

(e)

∞∫
2

x+ 3

(x− 1)(x2 + 1)
dx = ln 5− π

2
+ arctg 2.

(f)

∞∫
−∞

x

(x2 + 1)(x2 + 2)
dx = 0.

Megjegyzés:

∞∫
0

x

(x2 + 1)(x2 + 2)
dx = ln

√
2,

0∫
−∞

x

(x2 + 1)(x2 + 2)
dx = − ln

√
2.



5. Legyen f : R→ R,

f(x) =


0, ha x ≤ 0;

1√
x
, ha 0 < x ≤ 1;

e−x, ha x > 1.

Számı́tsuk ki az
∞∫

−∞

f(x) dx és

∞∫
−∞

xf(x) dx

improprius integrálokat!

Megoldás:

∞∫
−∞

f(x) dx =

0∫
−∞

0 dx+

1∫
0

1√
x
dx+

∞∫
1

e−x dx = lim
ε→0

1∫
ε

1√
x
dx+ lim

R→∞

R∫
1

e−x dx =

= lim
ε→0

[
x

1
2

1
2

]1
ε

+ lim
R→∞

[−e−x]R1 = 2
(

1− lim
ε→0

√
ε
)
−
(

lim
R→∞

1

eR
− 1

e

)
= 2 +

1

e
.

∞∫
−∞

xf(x) dx =

0∫
−∞

0 dx+

1∫
0

√
x dx+

∞∫
1

xe−x dx =
2

3
+

2

e
.

6. Milyen α ∈ R paraméter esetén teljesül az alábbi egyenlőség?

∞∫
0

xe1−αxdx = 1

Megoldás: α =
√
e.

7. Milyen β ∈ R paraméter esetén lesznek az alábbi integrálok konvergensek?

(a)

2∫
1

1

x(lnx)β
dx; (b)

∞∫
2

1

x(lnx)β
dx.

Megoldás:

(a) β < 1 esetén konvergens az improprius integrál.

(b) β > 1 esetén konvergens az improprius integrál.



8. Tekintsük az f : R→ R, f(x) = e−x függvény grafikonja és az x-tengely által határolt śıkrészt!

(a) Mekkora az első śıknegyedbe eső śıkrész területe?

(b) Forgassuk meg az első śıknegyedbe eső śıkrészt az x-tengely körül! Mekkora a keletkező
forgástest térfogata?

(c) Forgassuk meg az első śıknegyedbe eső śıkrészt az y-tengely körül is! Mekkora a keletkező
forgástest térfogata?

Megoldás:

(a) µ(T ) =

∞∫
0

e−x dx = lim
R→∞

R∫
0

e−x dx = lim
R→∞

[−e−x]R0 = −
(

lim
R→∞

1

eR
− 1

)
= 1.

(b) µ(Vx) = π

∞∫
0

e−2x dx = π lim
R→∞

[
e−2x

−2

]R
0

=
(
−π

2

)(
lim
R→∞

1

e2R
− 1

)
=
π

2
.

(c) µ(Vy) = π

1∫
0

ln2 y dy = 2π.

9. Vizsgáljuk meg, hogy az alábbi improprius integrálok konvergensek-e! Alkalmazzuk az össze-
hasonĺıtó kritériumot a feladatok megoldása során!

(a)

+∞∫
1

1

x3 + 1
dx; (b)

+∞∫
4

1√
x− 1

dx;

(c)

+∞∫
2

1√
x− 1

dx; (d)

+∞∫
1

1√
x6 + 1

dx;

(e)

+∞∫
1

√
x+ 1

x2
dx; (f)

+∞∫
π

2 + cos x

x
dx;

(g)

+∞∫
π

1 + sin x

x2
dx; (h)

+∞∫
2

1

lnx
dx;

(i)

+∞∫
1

ex

x
dx; (j)

+∞∫
0

1

(1 + x)
√
x
dx.



Megoldás:

(a)

+∞∫
1

1

x3 + 1
dx konvergens, mert

+∞∫
1

1

x3 + 1
dx ≤

+∞∫
1

1

x3
dx,

és
+∞∫
1

1

x3
dx = lim

R→∞

+∞∫
1

x−3 dx = lim
R→∞

[
x−2

−2

]R
1

=

(
−1

2

) (
lim
R→∞

1

R2
− 1

)
=

1

2
.

(b)

+∞∫
4

1√
x− 1

dx divergens, mert

+∞∫
4

1√
x
dx ≤

+∞∫
4

1√
x− 1

dx

és
+∞∫
4

1√
x
dx = +∞.

(c)

+∞∫
2

1√
x− 1

dx divergens, mert

+∞∫
2

1√
x
dx ≤

+∞∫
2

1√
x− 1

dx

és
+∞∫
2

1√
x
dx = +∞.

(d)

+∞∫
1

1√
x6 + 1

dx konvergens.

(e)

+∞∫
1

√
x+ 1

x2
dx konvergens, mert

+∞∫
1

√
x+ 1

x2
dx ≤

+∞∫
1

√
x+ x

x2
dx



és

√
2

+∞∫
1

√
x

x2
dx =

√
2

+∞∫
1

1

x
√
x
dx =

√
2 lim
R→∞

[
x−

1
2

−1
2

]R
1

= −2
√

2

(
lim
R→∞

1√
R
− 1

)
= 2
√

2.

(f)

+∞∫
π

2 + cos x

x
dx divergens, mert

−1 ≤ cosx ≤ 1 ⇒ 1 ≤ 2 + cos x ≤ 3,

miatt
+∞∫
π

1

x
dx ≤

+∞∫
π

2 + cos x

x
dx

és
+∞∫
π

1

x
dx = +∞.

(g)

+∞∫
π

1 + sin x

x2
dx konvergens, mert

+∞∫
π

1 + sin x

x2
dx ≤

+∞∫
π

2

x2
dx

és
+∞∫
π

2

x2
dx =

2

π
.

(h)

+∞∫
2

1

lnx
dx divergens.

(i)

+∞∫
1

ex

x
dx divergens.

(j)

+∞∫
0

1

(1 + x)
√
x
dx konvergens.



10. Az integrálkritérium seǵıtségével állaṕıtsuk meg, hogy az alábbi sorok közül melyek konver-
gensek!

(a)
∞∑
n=2

1

n lnn
; (b)

∞∑
n=1

1

n2 + 2
;

(c)
∞∑
n=1

n

n2 + 2
; (d)

∞∑
n=1

n

en
;

(e)
∞∑
n=2

1

n(lnn)2
; (f)

∞∑
n=1

arctg n

n2 + 1
.

Megoldás:

Tétel (Integrálkritérium): Legyen
∞∑
n=1

an pozit́ıv tagú sor és f : [1,∞) → R monoton

csökkenő, folytonos függvény, amelyre f(n) = an. A
∞∑
n=1

an numerikus sor akkor és csak akkor

konvergens, ha az

∞∫
1

f(x) dx improprius integrál konvergens.

(a)
∞∑
n=2

1

n lnn
divergens, mert

∞∫
2

1

x lnx
dx divergens:

∞∫
2

1

x lnx
dx =

∞∫
2

1
x

lnx
dx = lim

R→∞
[ln(lnx)]R2 = ln lnR− ln ln 2 = +∞.

(b)
∞∑
n=1

1

n2 + 2
konvergens, mert

∞∫
1

1

x2 + 2
dx konvergens:

∞∫
1

1

x2 + 2
dx ≤

∞∫
1

1

x2 + 1
dx

és
∞∫
1

1

x2 + 1
dx = lim

R→∞
[arctgx]R1 = lim

R→∞
arctgR− arctg1 =

π

2
− π

4
=
π

4
.

(c)
∞∑
n=1

n

n2 + 2
divergens, mert

∞∫
1

x

x2 + 2
dx divergens.



(d)
∞∑
n=1

n

en
konvergens, mert

∞∫
1

x

ex
dx konvergens:

∞∫
1

x

ex
dx = − lim

R→∞

[
x+ 1

ex

]R
1

= −
(

lim
R→∞

R + 1

eR
− 2

e

)
=

2

e
.

(e)
∞∑
n=2

1

n(lnn)2
konvergens, mert

∞∫
2

1

x(lnx)2
dx konvergens:

∞∫
2

1

x(lnx)2
dx =

∞∫
2

1

x
(lnx)−2 dx = lim

R→∞

[
(lnx)−1

−1

]R
2

= −
(

lim
R→∞

1

lnR
− 1

ln 2

)
=

1

ln 2
.

(f)
∞∑
n=1

arctg n

n2 + 1
konvergens, mert

∞∫
1

arctg x

x2 + 1
dx =

3π2

32
.


