
Euler method
The Euler method is the most straightforward method to integrate a differential 

equation. The first order differential equation ሶ𝑥 = 𝑓 (𝑡, 𝑥), with initial condition 

𝑥(𝑡0) = 𝑥0, provides the slope 𝑓(𝑡0, 𝑥0)of the tangent line to the solution curve x 

= x(t) at the point 𝑡0, 𝑥0 . With a small step size ∆𝑡 = 𝑡1 − 𝑡0, the initial 

condition (𝑡0, 𝑥0) can be marched forward to (𝑡1, 𝑥1) along the tangent line (see 

figure) using 𝑥1 = 𝑥0 + ∆𝑡 𝑓(𝑡0, 𝑥0). The point (𝑡1, 𝑥1) then becomes the new 

initial condition and is marched forward to (𝑡2, 𝑥2) along a newly determined 

tangent line with slope given by f(𝑡1, 𝑥1) ). This iterative method is usually written 

as

𝑥𝑛+1 = 𝑥𝑛 + ∆𝑡 𝑓 (𝑡𝑛, 𝑥𝑛).

For small enough ∆𝑡, the numerical solution should converge to the exact solution 

of the ode, when such a solution exists.

The Euler Method has a local error, that is, the error incurred over a single time 

step, of 𝑂(∆𝑡2 ). The global error, however, comes from integrating out to a time T. 

If this integration takes N time steps, then the global error is the sum of N local 

errors. Since 𝑁 = 𝑇/∆𝑡, the global error is given by 𝑂(∆𝑡), and it is customary to 

call the Euler Method a first-order method. 



Modified Euler method
The modified Euler method, also called Heun’s method or the predictor-corrector method, is a second order 

method. The idea is to average the value of x˙ at the beginning and end of each time step.

Hopefully, we could write

𝑥𝑛+1 = 𝑥𝑛 +
1

2
∆𝑡(𝑓 𝑡𝑛, 𝑥𝑛 + 𝑓(𝑡𝑛 + ∆𝑡, 𝑥𝑛+1)). 

The obvious problem with this formula is that the unknown value xn+1 appears on the right-handside. We can, 

however, estimate this value, in what is called the predictor step. For the predictor step, we use the Euler method 

to find

𝑥𝑛+1
𝑝

= 𝑥𝑛 + ∆𝑡𝑓(𝑡𝑛, 𝑥𝑛)

Then the corrector step becomes

𝑥𝑛+1 = 𝑥𝑛 +
1

2
∆𝑡(𝑓 𝑡𝑛, 𝑥𝑛 + 𝑓(𝑡𝑛 + ∆𝑡, 𝑥𝑛+1

𝑝
)).

The Modified Euler method is usually coded as

𝑘1 = ∆𝑡𝑓 𝑡𝑛, 𝑥𝑛 , 𝑘2 = ∆𝑡𝑓(𝑡𝑛 + ∆𝑡, 𝑥𝑛 + 𝑘1)

𝑥𝑛+1 = 𝑥𝑛 +
1

2
(𝑘1 + 𝑘2). 

The modified Euler method is one of a family of methods called second-order Runge-Kutta methods. 



Runge-Kutta methods
• To illustrate the derivation of Runge-Kutta methods, we derive here the complete family of second order methods. We march the solution of ሶ𝑥 = 𝑓 (𝑡, 𝑥) forward by writing 

𝑘1 = ∆𝑡𝑓 𝑡𝑛 , 𝑥𝑛 , 𝑘2 = ∆𝑡𝑓(𝑡𝑛 + 𝛼∆𝑡, 𝑥𝑛 + 𝛽𝑘1)

𝑥𝑛+1 = 𝑥𝑛 + 𝑎𝑘1 + 𝑏𝑘2. 

• where 𝛼, 𝛽, 𝑎 and 𝑏 are constants that define particular second-order methods. We will constrain the values of these constants by computing the Taylor series of 𝑥n+1 in two ways.

• First, we compute the Taylor series for 𝑥n+1 directly:

• 𝑥𝑛+1 = 𝑥 𝑡𝑛 + ∆𝑡 = 𝑥 𝑡𝑛 + ∆𝑡 ሶ𝑥 𝑡𝑛 +
1

2
∆𝑡 2 ሷ𝑥 𝑡𝑛 + O(∆𝑡3).

• Now, ሶ𝑥(𝑡𝑛) = 𝑓 (𝑡𝑛, 𝑥𝑛). The second derivative is more tricky and requires partial derivatives. We have



Second-order Runge-Kutta methods



Higher-order Runge-Kutta methods



Example
Solve the initial value problem: x’ = t + 2x   and x(0) = 0

numerically by Euler-method, finding a value for the solution at t = 1, and using 
steps of size ∆𝑡 = 0.25.

Solution: f(t,x)=t+2x,  x0=0 and t0=0.

STEP 1. t1= t0+ ∆𝑡 =0+ 0.25 = 0.25

x1= x0+ ∆𝑡 𝑓(t0, x0) =0+ 0.25(0+2*0) = 0

STEP 2. t2= t1+ ∆𝑡 =0.25+ 0.25 = 0.5

x2= x1+ ∆𝑡 𝑓(t1, x1) =0+ 0.25(0.25+2*0) = 0.0625

STEP 3. t3= t2+ ∆𝑡 =0.5+ 0.25 = 0.75

x3= x2+ ∆𝑡 𝑓(t2, x2) =0.0625+ 0.25(0.5+2*0.0625) = 0.21875

STEP 4. t4= t3+ ∆𝑡 =0.75+ 0.25 = 1

x4= x3+ ∆𝑡 𝑓(t3, x3) =0.21875+ 0.25(0.75+2*0.21875) = 0.515625


