1 Lagrange Interpolation - 3 Points (Solved via Sys-
tem of Equations)

Example 1.1. Given the points:

(1,2), (2,3), (4,1)

find the interpolating polynomial using the method of solving a system of equa-
tions.

Solution 1.2. We are looking for the quadratic interpolating polynomial in the
form:
P(z) = ap + a1z + asa?
Step 1: Setting up the system of equations
We substitute the given points into the polynomial equation:

P(l)=ay+a-1+ay-1*=2
P2)=ag+a;-2+ay-22=3
P4)=ap+a;-4+ay-4*=1

This leads to the following system of equations:

CLO+CL1—|—6L2:2 (1)
ag + 2a1 + 4as = 3 (2)
Qo + 4&1 + 160,2 =1 (3)

Step 2: Solving the system of equations
Subtract equation (1) from equation (2):
(a0+2a1+4a2)—(a0+a1+a2) =3-2
a; + 3a; =1 @)
Subtract equation (2) from equation (3):
(ao + 4@1 + 16@2) — (ao + 2@1 + 4&2) =1-3
20,1 + 12@2 = -2
ai + 6@2 =—-1 (5)
Now subtract equation (4) from equation (5):

(a1 + 6@2) — (a1 + 3a2) =—-1-1

2
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2
Substitute ay, = —3 into equation (4):

2
a1—|—3(—§) =1

ap—2=1 = a1 =3

2
Substitute a1 = 3 and ay = —3 into equation (1):
2
Ao + 3 + <—§> -
7 7 1
ap + 3 ao 3 3
Step 3: The interpolating polynomial
The quadratic interpolating polynomial is:
1 2
P(z) = —=+31x— -2?
(x) 3 + 3 3%
Step 4: Verification
Check the polynomial at the given points:
1 2 1 2
Pl)=——+4+3-1-2-1?=-243-2=2
(1) 3 * 3 3 * 3
1 2 1 8
PQ2)=——+3-2—--22=—--4+6—-=3
2) 3 * 3 3 * 3
1 2 1 32
PA)=——4+34-Z-42=-—-+12-F=1
() 3 * 3 3 * 3

Conclusion: The interpolating polynomial is correct.

Example 1.3. Given the points:
(0,1), (1,0), (3,4)

find the interpolating polynomial using the method of solving a system of equa-
tions.

Solution 1.4. Assume P(x) = ag + a1 + asx. The system of linear equations

(lO:l
a0+a1‘1+a2~1220
a0+a1-3+a2-32:4



Simplify:

aozl
1+a14+ay=0
1+3a1—|—9a2:4

Solve:
a9 = 1, a]p = —2.

Hence

P(x) =1- 2z +2°|

2 Lagrange Interpolation for 3 Points (Solved via
basis functions)

For each i-th point, the Lagrange basis polynomial

ZE—l’j

i J

j=0
J#i

n

P(x) = Zf(l’z)lz(l’) =yo-lo(x) + 11 -L(x)+y2-lb(x)+ ...+ yn - l(2)

i=0
Example 2.1. Given the points:
(1,2), (2,3), (41)
find the interpolating polynomial using the Lagrange basic polynomials.

Solution 2.2. The basis polynomials:

Io(x) = (x —2)(x — 4) _ (x —2)(x —4)

0 (1-2)(1—4) 3

L (x) = (x —1)(x —4) :_(a:—l)(x—4)
2-1)(2—4) 2

() — (x —1)(x —2) _ (x —1)(x —2)

? (4—1)(4—2) 6



Interpolating polynomial.:

P(z) = 2lp(x) + 3l1(x) + 1z(x)

(x = 2)(z - 4) (e =D -4)\ , (@-1)-2)
— o2 +3(_ ! )+ y

Simplify to get:

1 2
P(z) = —g 3w 5332 :

Example 2.3. Given the points:

(0,1), (1,0), (3,4)
find the interpolating polynomial using the Lagrange basic polynomials.

Solution 2.4. Basis polynomials:

() = (x —1)(x — 3) _ (x —1)(x —3)

0 (0—1)(0 — 3) 3

L (x) = (x —0)(x —3) _ _z(z—3)
(1-0)(1—3) 2

bo(x) = (x —0)(x — 1) _ z(z —1)
(B-0)(3-1) 6

Interpolating polynomial:

Simplify:
Plr)=1- (x —1)(x — 3) L4 x(r —1) 1 _9p a2
3 6
Example 2.5. Given the points:
z|[0[1]2]3
[1]3]2]4

find the interpolating polynomial using the Lagrange basic polynomials.



Solution 2.6. Basis polynomials l;(x) are:

b@) = EmDE =@ =3)  (r= D=2 -3)
(0—1)(0—2)(0 —3) G

l(z) = (x —0)(x —2)(z — 3) _ 2(z —2)(z — 3)

-y -3) ;

l (.%): ( _O)(ZE—1>(ZE—3> _x(x—l)(x_g)

T eme-1e-3) 5

ly(z) = (z-0)@@-1)(—-2) z@@-1)-2)
3-0)(3-1)(3-2) 5

The Lagrange interpolating polynomial:

P(x)=1-ly(x) +3 - L(x)+2 l(x) +4-l5(x)

Example 2.7. Given points:
(O, 1)a (173)’ (37_2)7 (47 5)
Construct the interpolating polynomial P(x) using Lagrange basis polynomials!

Solution 2.8. Step 1: Lagrange basis polynomials

(z—z1)(@ —22)(v —w3) (v —1)(z—3)(x—4)

W) = o =) (20— 22)(v0 —w3) ~ (0= 1)(0—3)(0—1)
_ (x —1)(z —3)(z —4) _ (x —1)(z —3)(z —4)
(=1)(=3)(—4) —12
() = (x — zo)(x — 22)(x — x3) _ (x —0)(x — 3)(z —4)
(x1 — zo)(x1 — wa)(x1 —x3) (1 —=0)(1—3)(1 —4)
_ z(zr — 3)(z —4) :x(x—B)(:E—4)
(D(=2)(=3) 6
by() = (z—z0)(w —21)(w —23)  (2—0)(z—1)(z—4)

(32 — mo) (w2 — 21) (22 —23)  (3—0)3—1)(3—4)
_ a1 -4) x@-1)(z-4)
(3)(2)(-1) —6
ls(z) = (z — mo)(z — 21) (2 — 22) _ (= 0)(x —1)(x - 3)
(v3 — o) (w3 — 1) (w3 —x2)  (4—0)(4—1)(4—3)
_ v(x—1)(z-3) x(r—1)(z—23)
)

(4)(3)(1) 12



Step 2: Write the Interpolating Polynomial P(x) The interpolating polynomial
is:

P(x) =yo-lo(z) +y1 - L(z) +ya - la(x) + y3 - [3()
Substitute the y; values:

P(x)=1-ly(x) +3-l1(x) + (—2) - lo(z) + 5 I3(x)

(z=1)(z=3)(xz —4) x(z —3)(z —4)
- 12 3 6
+(=2) x(x_l_)éx_4) 45 x(x—11)2(x—3)
Simplify the coefficients:

Pa) = &= 1)(9”__123)(“"” i % oz — 3)(z — 4)
—|—%-x(w—l)(w—él)—i—%-x(m—l)(m—?))
(x—=1)(z—-3)(z—4) 1

= 15 —|—§~x(x—3)(x—4)
—|—%~:C(x—1)(a:—4)—|—%-x(x—l)(:c—?))
Step 3: Expand Each Term

the first term:

(=1)(z =3)(x —4) = (z - 1)[(z — 3)(z — 4)]
= (z—1)(2* — Tox +12)
=2(2® — Tz +12) — 1(2* — T2 + 12)
=23 — T+ 120 — 22+ Tox — 12
=23 — 822 4+ 19z — 12

Then:

The second term:
v(x—3)(z —4) =2[(x - 3)(z —4)] = 2(2® — Tz + 12)
=2 - T2% + 122
e 1(x3 — 7% +12z) = lxg - Zm2 + 6z
2 2 2
6



The third term:

v(r—1)(z —4) =z[(x — 1)(x —4)] = 2(2® — 5z + 4)
=2® — 527 + 4z
Then: ] ] 5 4
g(af?’ — ba? + 4x) = gxg - §x2 + 3”
Finally the fourth term:

z(z —1)(z —3) = 2[(x — 1)(z — 3)] = v(z* — 4z + 3)
=12° —42* + 3x
Then:

5, 4 9 5 5 20, 15 5 5 5 45 D
—(z° —4 3r) = —a° — — —r=—1"—= -
12(:c x* + 3x) ¢ T +12:c 58 ~ 3% + -
Step 4: Sum All Terms

The cubic terms x°:

BT RERETIEETRETRETRET

1 1 1 5 -1 6 4 5 14 7
12 12 6

The quadratic terms x°:

The linear terms x:

12 sti o ettt e
Finally the constant term is 1.
Step 5: Final Answer

19 4 5 19 72 16 15 84
—— 46+t o=——+— =— =

7T . 37
P(z) = 61’5 - Exz—i—?x—l— 1

Newton Interpolation (with divided differences)

Example 2.9. Given the following points:

(1,2), (2,3), (4,5)
Find the Newton interpolating polynomial P(x).

7



Solution 2.10. Step 1: Create the Divided Difference Table

wi | fla] | flovs via] | flos, i, Tigo
1 2
2 3
4 5

Step 2: Compute First-Order Divided Differences
flaa] = flwo] _3-2

= = =1

f[$073171] r1 — Xy 2—1

flwo] = flaa] 53
= = =1

f[xl’lé] To — X1 4 -2

Step 3: Compute Second-Order Divided Difference
— 1-1
Flxo, 1, 12] = flxy, wo] — flwg, 4] _ —0

To — X 4—1

Step 4: Fill in the Divided Difference Table

wi | flad] | flos, via] | flos, i1, iy
1 2 1 0

2 3 1

4 5

Step 5: Write the Newton Interpolating Polynomial
The Newton interpolation formula is:

P(x) = flzo] + flxo, v1](x — o) + flz0, 21, 22| (T — 70) (7 — 71)
Substitute the values:

Plz)=24+1-(z—1)+0:(z—1)(z —2)
=24+(x—-1)=x+1

Final Answer

P(z)=xz+1

Example 2.11. Given the following points:
(1,2), (2,5), (4,17)

Find the Newton interpolating polynomial P(x).



Solution 2.12. The divided differences table:

f[ﬂfo] =
fle] =5
flaa] =17
f[xO’xl] % =3
fler, w2] = 147_—_25 =6
f[l'o,xl,l'g] = % =1

and the interpolating polynomial:
Plz)=2+3z -1 +1(z-1(r—-2)=2+32—-3+2>-3x—-2=2"+1
Example 2.13. Given the following data points:
0,3), (1,6), (2,11), (3,18)
Find the Newton interpolating polynomial P(x) using divided differences.

Solution 2.14. Step 1: Create the Divided Difference Table Structure
We set up the table for x;, f|x;], and their divided differences.

v | flzi] | flos, i) | flos, @i, Do) | flos Tigy, Ty, Tigs)
0 3
1 6
2| 11
3| 18
Step 2: Compute First-Order Divided Differences
6—3
= — = 3
f[x(]? xl] 1 _ 0
11-6
flor, o] = 51
18 —11
Step 3: Compute Second-Order Divided Differences
5—3 2
== —-—= - = 1
flzo, x1, 2] 50 2
7T—5 2
flr1, zo, 23] = 31 3 1



Step 4: Compute Third-Order Divided Difference

1-1 0
flxo, x1, T, 3] = m:§=0

Step 5: Fill in the Complete Divided Difference Table

T f[ifz] f[ffu $i+1] f[%; Tit1, 5131‘+2] f[Ii, Lit1, Vit2, $i+3]
0 3 3 1 0

1 6 5 1

2 11 7

3 18

Step 6: Write the Newton Interpolating Polynomial
The Newton interpolation formula is:

P(x) = flzo] + flxo, z1](z — x0) + flxo, ¥1, 2] (2 — 70) (2 — 21)

+ f[x()a 1'171‘27‘%3](;E - IU)('I - 1'1)(.7} - IQ)
Substitute the values:

P(z)=3+4+3(x—0)+ L(x—0)(z—1)+0(z — 0)(x — 1)(x — 2)
=3+3zv+a2°—z=2"+22+3

Final Answer

P(z) =2 +27r+3

Check
We can verify that

P0)=0"+2-0+3=3,
P(1)=1>+2-1+3=6,
P(2)=2"+2-2+3=11,
P(3)=32+2-3+3=18.

The interpolating polynomial correctly passes through all given points.
Example 2.15. Given the following data:

C F1) =2

c f) =3

10



* f(2) =3
Find the Hermite interpolating polynomial P(zx).

Solution 2.16. Step 1: Since we have both f(1) and f'(1), we will repeat the
point x = 1. The data points become:

.130:]_, Ilz]_, 1'2:2

and
flzo] = f(1) =2
fle] = f(1) =2
flza] = f(2) =3

Step 2: Compute divided differences
» The First (First-Order) divided difference:
flzo, a1 = f'(1) =3
(By definition for repeated nodes)
* Next (First-Order) divided difference:
flwe] = flza] —3-2

= =1
Ty — X1 2—1

f[xth] =

* The Second-Order divided difference:

floy, wo) — flro, ]  1-3

= = -2
To — X 2—1

flzo, w1, m0] =

Step 3: Build the Hermite Interpolation Polynomial
The Hermite interpolation polynomial is:

P(x) = flzo] + flxo, 21](x — x0) + flxo, 21, 2] (2 — 70) (2 — 21)
Substitute the values:

Plz)=24+3xz—-1) -2z —1)(z—1)=2+3(x—1) — 2(z — 1)
=243 -3-202*—224+1)= 22 +70x -3

Final Answer:

P(r) = —22* +7x -3

11



Check: First we compute
P(x) = —42 + 7,

and
Pl)=-2-147-1-3=-2+7-3=2,
Pl)=—-4-1+7=3
P(2)—2-2247-2-3=-8+14—-3=3,
Correct!

Example 2.17. Given the points:

2, 3
=2, f(2)=5 = f(2)=7
Find the Hermite interpolating polynomial P(zx).

Solution 2.18. First we construct the divided differences table.

Node | f or divided difference
1 2
1 f[1,1]=3
5—2
2 1,1,2] =——=3
f[? ) ] 2_13
2 1,1,2,2) = —— =4
f[? Y Y ] 2_1

The interpolating polynomial:

P(z) = fl1] + fI1,1)(z — 1) + £[1,1,2)(z — 1)* + f[1,1,2,2](z — 1)*(x — 2)
=243z -1 +3x—-1)2+4(zx—1)*(z—2)

3 Spline interpolation
Example 3.1. Given the points:
0,1), (1,3), (2.2)

Construct a linear Spline interpolating these points.

Solution 3.2. We have two intervals. The first is [0, 1]. The linear spline

1-0

Si(z) =1+ (x—0)=1+2z

12



The second interval is [1,2|, and the linear spline is

9 _
Sg(x):3+2_i1))(x—1):3—(x—1):4—:z:
Final Answer
Si(z) =142z forx € [0,1]
S(z) =
So(z)=4—=x forx € [1,2]

Example 3.3. Given the points:
(0,1), (1,2), (3,2)

Construct a spline interpolating these points, which is linear in the first interval
and quadratic in the second interval.

Solution 3.4. Assume: Sy(x) is linear on the interval [0, 1]:
Si(x) = a1z + by
and Sy(x) is quadratic on the interval [1, 3]:
So(z) = apx® + by + ¢

Conditions:

A
—_
|
DO
b
=
+
[u—
I
[\)
1
2
|
—_

° Si 1 :Sé(l)—>a1:2a2-1+b2
Solution:

a1:1—>2a2+62:1
From S5(1) =2 — ag + by + co = 2
From SQ(?)) :2—>96L2+3b2+02:2

13



Solution of this system is

A9 = —0.5, b2 = 2, Cy = 0.5
which implies
Si(z)=x+1
and
Sy(z) = —0.52° + 22 + 0.5

Final Answer

Si(z)=x+1 forx € [0,1]

S(x) =
So(x) = —0.52% + 22 + 0.5 forx € [1,3]

3.1 Natural cubic Spline interpolation

Example 3.5. Given the points:

(1,2),

(2,3),

(3,9)

Construct the natural cubic spline interpolating these points.

Solution 3.6. We will define two spline segments:

S(x) = {Sl(f”)

SQ(JJ)

Each cubic spline has the form:

x € |[1,2]
x € [2,3]

Si(z) = a; + bi(x — x;) + ci(x — 2;)* + di(x — 2;3)?,

that is

Step 1: Conditions for S(z)
1. Interpolation conditions:
Si(1)

and

=2,

=3,

14

CJa+b(r—1)+c(r— 1)? + ds(x — 1)3,
S(x) {CLQ + bz(il? - 2) + 02(33

S1(2) = 3.

Ss(3) = 5.




2. Continuity of first derivative at x = 2:

51(2) = 55(2).

3. Continuity of second derivative at x = 2:

51(2) = 53(2).

4. Natural spline boundary conditions:
S7(1) =0, S53)=0
Step 3: Apply the Conditions.

1.) The interpolation Conditions:
For Si(z) = a1 +by(x — 1) + c1(z — 1)? + dy(z — 1)3.

and for Sa(z) = ag + by(x — 2) + ca(x — 2)? + da(z — 2)?

52(2) = Q9 = 3,
52(3):3+b2(1)+02(1)2+d2<1)3:5 :>bg+02+d2:2.

2.) Continuity of First Derivatives at x = 2: Hence
Si(x) = by + 2¢i(x — 1) + 3dy (z — 1),
Sh(z) = by + 2ca(x — 2) + 3da(z — 2)°.
Therefore
S1(2) = by +2¢1(1) + 3dy(1)* = by + 2¢; + 3dy,
35(2) = bQ = bl + 2¢1 + 3d1 = bg.

3.) Continuity of Second Derivatives at x = 2: First, we compute the second
order derivatives

Sf(l‘) = 201 + 6d1($ — 1),

Sg(l’) = 2C2 + 6d2($ — 2)

and we get
S{I(Z) = 201 + 6d1(1) = 201 + 6d1,
SQI(Q) = 2¢9 = 2¢1 + 6d; = 2¢s.

15



4.) Natural Spline Boundary Conditions:
ST(1) = 2¢1 4+ 6d1(0) = 2¢; =0 = ¢; = 0.

and
Sg(;))) = 202 + 6d2(1) = 262 + 6d2 = 0.

Step 4: Solve the System of Equations
From c¢; = 0:
The first condition by + c¢; + dy = 1 becomes:

by +d; = 1.
From derivative continuity:
by +2-0+3d; = by = by + 3dy = bs.
From second derivative continuity:
2-0+6d; =2¢c; = 6d] = 2¢9 = ¢ = 3d;.

From the condition:
b2 + Cco + dg =2.

Substitute co = 3d;:
by + 3dy + dy = 2.

From natural condition on S (3):

262 + 6d2 =0
and
2(3d1)+6d2:0:>6d1+6d2 :0:>d2:—d1
Now solve:
bh+di=1=b=1—-d;
and

by = by +3dy = (1 — dy) + 3dy = 1 + 2d;.

Substitute into

by + 3dy + dy = 2
(142dy) 4+ 3dy + (—=dy) =2
1+ 2dy + 3dy —dy =2

1
1+4d1:2:>d121

16



Then:

1 3
b1: ——:Z
01:0
1
dl_Z
1 3
bp=1+2--=14-==
2 + 1 + 5
1 3
=307
1
dgz—dlz—z
Step 5: Write the Spline Functions
Forz € [1,2]:
Sy (z) 2+3( 1)+0+1( 1)° 2+3x 3+x3 3x2+
x) = —(x — —(x — = — -t — - —
' 4 4 4 4 4 4
ot 3x2+3x+1
4 42
Forz € [2,3]:
3 3 1
=34+-(z—-2)+-(z—22—=(z—2)*
Sae) =3+ S(@—2) + {@ -2 = ;o -2
3 32 3 322
= — = —_— = -4+ — - 2
3+ 5 3+ 1 3r+3 4+ 5 3z +
_a® 92? 9x+5
44 2 T
Final Answer
5 32?3
51(9[;)—$——i L forz € 1,2]
4 4 2
S(z) = , )
9 9
sz(x):—‘% %—7%5 fora € [2,3]

17
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