1. Constrained Optimization

We will present optimality conditions, followed by a brief outline of ideas behind algorithms
for constrained optimization.

OPTIMALITY CONDITIONS

We start by considering problems involving equality constraints only, and then move on to
discussing the more general case of problems with both equality and inequality constraints.

1.1. Problems with equality constraints

We consider a problem with equality constraints m the form

minimize flx)

subject to hiz) =0,

where f(z) : R® —+ R, hizx) = [hi(z), ha(z),... hm(z)]T : R® -+ R™. We
assume that m < n. Denote hy
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the Jacobian of h at =. Let X = {xr € R" : h(z) = 0} denote the feasible
set of the considered optimization problem. We will call =* € IR" a regular
powmt if Jp(xr*) has the full rank, that 1s, rank(Jy(z*)) = m, or equivalently,
Vhi(z*), Vha(z*),...,Vhy(z*) are linearly independent.

We first discuss the FONC for the case with two vanables and a smgle



constramt: n = 2 and m = 1. We can write such a problem as follows:

M Ze flry, xa)

subject to hi(xy,z2) =0.

Then the feasible set X = {z € R hi(zy, za) = 0} 15 the level set of hy at
the level (.

Let z* = [r},r3]7 be a regular point and a local minimizer of this problem.
Then hy(z*) =0, and Vhy(z*) 1= orthogonal to the tangent line to any curve
passing through =* in the level set X' . Consider an arbitrary curve v = {yit) =
[z1(t), z2(t)]T, t € [a, 4]} € X passing through =* in X, that is, y(t*) = =*
for some t* € (a, 3). The direction of the tangent line to 4 at =* 12 given hy
y'(t), hence we have

Vhy(z*)Ty/(t") = 0.

Since r* 18 a local mimmizer of our problem, 1t will remain a local minimzer

if we restrict the feasible region to the points of the curve ~. Therefore, t* 12 a

local mimimizer of the problem min f(y(t#)), and since ¢* 1= an nterior point
te|
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of [a, 4], £* 15 a local minimizer of the single-varnable unconstrained problem

;Jg]iqul_f{ylit]l)-

Using the FONC for this unconstramed problem, we have

df (y(t*))
—x v

On the other hand, from the chain rule,

df (y(t*))
dt

= Vf(y(t*))"y'(t"),
Vi) Y () =0.

Thus, V f(y(t*)) 15 orthogonal to y'(#*). So, we have shown that if V f{z*) &£ 0,
then Vf(z*) and Vh((z*) are both orthogonal to the same vector y'(z*).
For 2-dimensional vectors, this means that V f(z*) and Vhy(z*) are parallel,
implying that there exists a sealar A such that

Vf(z*) + AWVhy(z*) = 0.

A sumilar property holds for the general case and 1= formulated in the following
theorem.



Theorem (Lagrange Theorem) If r* is a regular point and a
local minimizer (marimizer) of the problem

minimize f(x)
subject to  h(x) =10,

where f(z) : R — R, hizx) = [h(z),... hpm(z)]T : R® — R™, then
there erists A = [Ay,..., Am|T € R™ such that

V() + Y AVh(z*) =0,

i=1
Here, A;,i = 1,...,m, are called the Lagrange multipliers and the function
m
Lz, A) = f(z) + 3 Mh(z)
=1

15 called the Lagrangian of the considered problem. Note that L{z A) 1z a
function of n + m vanables. If we apply the unconstramned FONC to this
function we obtain the system

Vi) + 3 AVh() = 0
i=1

hiz*) = 0,

which coineides with the FONC stated in the Lagrange theorem (the second
equation just guarantees the feasibility). This system has n + m vanables
and n + m equations. Its solutions are candidate points for a local minimmzer
[maximizer). The system 1s not easy to solve m general. Moreover, hke n
the unconstrained case, even if we solve 1t, a solution may not be a local
minimizer—it can be a saddle point or a local masamizer. Figure 1 illustrates

the FONC.

Example 1 Apply the FONC (Lagrange theorem) to the problem

M mze T] + T4

subject to dri+r3—-1=0

Note that all feasible pomnts are regular for this problem, so any local
minimmzer has to satisfy the Lagrange conditions. We have

Liz,X) = ] + 72 + A(4z5 + 23 — 1),




FIGURE 1: An illustration of the FONC for equality-constrained prob-
lems. Here »* satisfies the FONC and 15 a local masamizer, which 1s not global.

and the Lagrange conditions give the system

2ri(1+4A) = 0
2rs(l1+A) = 0
drt + 73 = 1.

This system has four solutions:

(1) A =-1,21 = [0, 1]7;

(2) A2 = -1, =0, -1J7;

(3) Aa = —1/4,59) — [1/2,0]T;

(4) A =-1/4, 29 = [-1/2,0/T.

From a geometric illustration (Figure 2), it is easy to see that 'Y and
z'?! are global maximizers, whereas *) and 'Y are global mmimizers.

Example 2 Consider the problem of optimizing f(z) = 27 Qr subject to
a single equality constraint 7 Pz = 1, where P is a positive definite matriz.
Apply the FONC to this problem.

The Lagrangian 1s
Lz, A) =21 Qz + A1 — 27 Px).



FIGURE  2: lllustration of Example

L.



Convex case
Consider a convex problem with equality constraints,
minimize fiz)
subject to hix) =10,

where f(r) is a convex function and X = {r € R" : h(x) = 0} is a convex set.
We will show that the Lagrange theorem provides sufficient conditions for a
rlobal minimizer in this case.

Theorem 2 Let =* be a regular point satisfying the Lagrange theo-
rem,

hiz*) =0
and

Vi(z*)+ Y AVh(z®) = 0.
=1

Then x* is a global minimizer.

Proof. From the first-order characterization of a convex function, we have
flz) = f(z*) = Vf(z*)T(z —2*), Yz e X,
From the FONC

m
== MVhy(z
i=1

So
flx) - Z MVh(z*) (z — z*).

Note that for any i, Vh(x*)T (z — =*) is the directional derivative of h; at =*
in the direction r— x*. Henee, using the definition of the directional derivative
we ohtain

hy(r* + alr — %)) — hylx*)

Vhyz*)T(z —2*) = HIZ:JI
ax—s0+4 ¥
o ozt (1-a)et) —hy(a?)
T a0+ o
— 0,

sinee ar + (1 — a)r* € X due to the convexity of X and hiy) = 0 for any
y € X. Substituting this result mto we obtain

flz) = fl=*) 20

Since r 18 an arbitrary point in X, r* 1= a global mimimizer of the considered

problem. O



1.2. Problems with inequality constraints

We consider the following problem:

minimize flx)
subject to hiz) =
g(z) <0,

where f(z):IR" = R, h(z): R" - R™ (m < n), and g(z) : R™ — R".
Thiz problem involves two types of constramnts, equality and mequahty
constramts. Recall that an inequality constramnt g,(z) < 0 1s called active at
z* if g;(z*) = 0. We denote by I{z*) = {7 : g;(z*) = 0} the set of ndices cor-
responding to the active constraints for =*. A pomt =* 1s called a regular point
for the considered problem if Vhy(z*),7 = 1,...,m and Vg,(z*).5 € I(z*)

form a set of hnearly independent vectors. The Lagrangian of this problem 1=

defined as
Lz, A p) = f(z) + ATh(z) + p" g(=),
where A =[Aq,..., Am|T € R™ and p = [u1,...,pp]T € R p = 0. As hefore,

the multipliers Ay, i = 1,. .., m corresponding to the equality constrammts are
called the Lagrange multiphers. The multiphers py. 7 = 1,..., p correspond-
ing to the mequality constrants are called the Karush-Kuhn-Tucker (KKT)
multiplers.

The first-order necessary conditions for the problems with inequality con-
straints are referred to as Karush-Kuhn-Tucker (KKT) conditions.

Theorem 3 (Karush-Kuhn-Tucker (KKT) conditions)

If =* is a regular point and a local minimizer of the problem

minmize fizx)
subject to hir)=10
glz) =0,

where all functions are continuously differentiable, then there erist A €
IR™ and a nonnegative p = IR? such that

m P
Vi) +> MVh(z*)+ Y pyVg(z*) =0
i=1

=1

it

pygy(z®)=0,5=1,..., p (Complementary slackness).

In summary, the KKT conditions can be expressed mn terms of the following
system of equations and nequalities:



L. Ae R™, weRF, p >0
m P

2 V(a*) + 2 WVha(a®) + X V(") =
i= j:

3opygy(zt)=0,5=1,....p
4. hiz*) =10
5. glz*) = 0.
Example 4 Consider the problem

MINimMize To — Ty
subject to =7 + 73 < 4
(e + 1)+ 23 < 4.

The Lagrangien is
Liz,p) = 72 — =1 + pa(zi + 23 —4) + pa((z1 + 1)° + 23 — 4).
Using the KKT conditions we have the system

-1+ 2#1.1'1 + Ep!-gI[I1 - 1}
14+ 2pyxs + 2paxrs =

L. S e e R e R e

p(zi + 73— 4)

pa ((z1 + 1% + 13 - 4)
1:1 +:.|.'2

(w1 +1)% + 23

s p2
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1. If py = 0, then the system becomnes

2pua(ry +1) = 1
2uars = —1
pa ((zy +1)? +I2 4}
r] + x5
(zy 4+ 1) + 23
H2

Note that pa # 0 (from the first equation), so pa = 0. Adding the first
tweo equations we get

MIA 1Al
=,

| =_I‘3_1:-

which, using the third equation, gives

T3 = +4/2.



Since pa = 0, from the second equation Ta = —/2 and pa = 1/(2v/2), s0
ry = v2—1. These values of ry and Ty satisfy the inequality constraints,
thus 7* = [v/2 — 1, —/2|7 satisfies the KKT conditions.

2. If ps =0, then the system becomes

2y = 1
2uprs = -1
p(ri+z3—4) = 0
rf+r < 4
(ry+1)*+23 < 4
pr = 0

Note that py # 0 (from the first equation), so py > 0. Adding the first
two equations we get
Ty = —Ta,

which, using the third equation, gives

Fq = :I:\.-"'E_

Since py = 0, from the second equation Ta = —/2 and py = 1/(2v/2), s0
11 = 2. However, these values of 1 and T3 do not satisfy the last in-
equality constraint, hence the point is infeasible and the KKT conditions
are not satisfied.

3. If py # 0, s # 0, then the system becomes

—1 4+ 2py7y + 2pa(xy + 1)
14 2pyrs + 2pars =
ri+r3—4 =
(m+1)2+23-4 =

M. 2 =

o oo oo

From the last two equalities we obtain y — —1/2, x9 = £4/15/2. Solving
the first two equations with =y = —1/2, for za = V15/2 we get py =
—%{l+l,.-"\..""ﬁ],pg = %I[l —1/+/15), whereas for ra = —/15/2 we obtain
g = —él{l —1/4/15), g = 1}{1 +1/4/15). In both cases, one of the KKT
multipliers is negative, so these points do not satisfy the KK'T conditions.

From Figure 3 it is clear that the KKT point x* is the global minimizer.
The level set of the objective corresponding to the optimal value (1 — 24/2) is
shown by the dashed line (a tangent to the feasible region).



FIGURE  3: An illustration of Example 4.

Convex case

Azsume that the feamible set X = {x: hiz) =0, g(x) < 0} 15 a convex set
and f(z) 158 a convex lunction over X. We will show that in this case the KKT
conditions are sufficient conditions for a global mmimizer.

Theorem 4 Comsider a conver problem

mimmize flz)
subject to hiz) =0
g(z) <0

where all functions are continuously differenticble, the feasible set X =
{r € B" : h(z) = 0,g(r) < 0} is conver, and f(r) is conver on X.
A regqular point x* die a globol minimizer of this problem if and only
if it satisfies the KKT conditions, that is, there erist A £ R™ and a
nonnegative p € R? such that

Vi) + Y AVhi(z?) + Y pyVgs(27) = 0

=1 J=1

and
prgy(z*) =0, j=1,...,p.



