Second midterm test of Probability Theory and Mathematical Statistics
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THEORETICAL QUESTIONS

1. Define the 2-dimensional random vector.

2. Define the 2-dimensional discrete random vector.
What is the range and the joint distribution of such a random vector?

3. State the Cauchy-Bunyakovsky—Schwarz inequality.
4. When do we say that &;,&,...,&, is an independent sample?

5. State the Central Limit Theorem.

PROBLEMS

Please round the final results to 4 decimal places!

1.-2. The (&1, &) two-dimensional discrete random vector variable is given by its joint distribution

(€.6) [ L[ 3 ]5
2 0 |2p|3p
4 3p|2p| 0

Determine the parameter p and the value of D?(2&; + 3&,).
3. Let £ be a N'(u = 2,0?%) distributed random variable, where o2 is unknown. Determine the value of
o, if we know the random variable ¢ falls into the interval (1.6,2.4) with probability 0.85.

4. Let &,&,...,&, be an Exp()) distributed independent sample. Give the maximal likelihood est-
imation of the unknown parameter \. What is the estimation of A using the method of moments?

5. Let us consider the 6 element sample
2.1, 6.3, 4.6, 6.4, 1.2, 3.5

Calculate the notable statistics, namely the sample mean (£), the sample variance (s2), the corrected
sample variance (s32), the sample median (med(¢)), and the median absolute deviation (MAD(¢)).



SOLUTION

(£.6) | 1 [3]5 ]
2 0 |2p|3p
4 3p|2p| 0

2p + 3p + 3p + 2p = 10p = 1, thus we have that p = 0.1.

(€.6) [ 1 [ 3 ] 5 |
2 [0 |02]03][05
4 03[02]0 |05

103]04]03]

&1
pi. | 0.5]0.5
E(&)=2-05+4-05=3
(63)=2%-0.5+4%-0.5=10
DQ(&):E(gf)—(E(fl))Qzlo—?)Q:l
(&) :

&
y | 1] 3]5
p; 0304703
(65)=1-03+3-04+5-03=3
(&) =1*-03+3%-04+5-03=3
]D)Z(fz) = E(fg) - (E(f2))2 =114-3*=24
(&1)

E(&,&)=2-3-02+42-5-03+4-1-034+4-3-02="7.8
cov(é, &) = E(61&) —E(&)E(&) =78 —3-3 =12

cov(, &)  -12
r(&1,&2) DEDE) 1 15002 0.7746.

D?(2¢; + 3&) = D*(2&;) + D*(3&) + 3cov (26 + 3&) = 4D*(&;) + ID*(&) + 18cov(éy, &) =
—4.149-24+18-(~1.2) =4

1.6 -2 1.6 —2
0.85:IP’(1.6<§<2.4):IP’( 6 ):

<n<

(<)o (8] o () ()
g g g g g

Thus we have 04 L85
) <—> = T = 0.925.

g
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S IV - = 2 _.2778.
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4. f(xz, \) =X = L(EN) =[]0, de™

0 —_ 9 - =26 |
Sy l() = =~in (HA@ ) =0

i=1 i=1

Maximum-likelihood estimator:

~ 1 1
€: n =z
P& €
Estimator using the method of moments
1 1 1 1
©=3 E() T E
> 1 214+63+46+64+12+3.5
E=— ;= — : : : : — =4.0167
¢ n Zf 6
1 s 212 46.3% + 4.6 +6.4% + 1.22 + 3.52
my = — Zfi = G = 19.985
52 =my — (€)® = 19.985 — 4.0167% = 3.8511
2 Mo B sgsin— 46213
n—1 5)
The ordered sample:
1.2, 2.1, 3.5, 4.6, 6.3, 6.4
3.5+4.6
med(¢) = + — 405
1.2 — 4.05| = 2.85
2.1 — 4.05| = 1.95
3.5 — 4.05| = 0.55
|4.6 — 4.05| = 0.55
6.3 — 4.05| = 2.25
6.4 — 4.05| = 2.35
0.55, 0.55, 1.95, 2.25, 2.35, 2.85
1.95 +2.25
MAD(¢) = STED 9y
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