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Seminar 7

Discrete random vector variables



1. Discrete random vector variables



Problem 1

We roll two dice, one of them is red and the other one is blue. Let
&1 and & denote the numbers obtained on the two dice.
Determine:

a. The distribution, expected value, and variance of
£ =min(&1, &2);
b. The distribution, expected value, and variance of
n = max(&1,&2);
c. The joint distribution of (&, 7), as well as the values of

cov(&,m) and r(€,n).



Solution to Problem 1.a
a. The distribution of min(&1, &):

P(min(é1,&2) =1) =P((1,1),(1,2),...,(1,6),(2,1),(3,1),...,(6,1)) =

2.6-1 1
T 36 36
P(min(¢1,&) =2) =P((2,2),(2,3),..-,(2,6),(3,2),(4,2),...,(6,2)) =
2.5-1 9
T 36 36
(..)

Similarly, we obtain that

P(min(é1, &) = k) = %

The expected value and variance of min(&1, &):

(k=1,2,...,6).

Xi 1 2 3 4 5 6
] 1T 9 s 5 3 I
pi 36 | 36 | 36 | 36 | 36 | 36




Solution to Problem 1. a, continuation

IE(&):Zx;p;:l~%+2-%+3'%+4-;—6+5.;—6+6.%:
:%:2.5278,

E(£2)=Zx?pf:12-%+22-%+32-;—6+42-;—6+52-%+62~%:
:%:8.3611,

D2(6) = E(€) ~ B = o2 (g;) _ 10715,



Solution to Problem 1. b
b. The distribution of max(&1,&2):

P(max(&1,&2) =1) =P ((6,1),(6,2),...,(6,6),(1,6),(2,6),...,(5,6)) =

o 26-1_ 11
B 36 T 36’
P(max(é1, &) =2) =P((5,1),(5,2),...,(5,5),(1,5),(2,5),...,(4,5)) =
2.5-1_ 9
B 36 36’
Similarly, we obtain that
. 2k —1)—1
Blmin(es, &) = k) == D=1 (k=12 6)
The expected value and variance of min(&1, &2):
X; 1 2 3 4 5 6
- T 3 5 7 9 [ 1T
Pi | 36 | 36 | 36 | 36 | 36 | 36




Solution to Problem 1. b, continuation

Zx,p,— —+2 %+3 %H 316+5 3%*6 %7
:%:4.4722

RO ICTELEE R L SLar SRR LA &
2%221.9722,

D*(e) = (&%) - [B(E)F = = - (%) _ 1.0715.



Solution to Problem 1. c

c. The joint distribution of (£,7), where £ = min(&1,£&2) and
n = max(&1,&2). It is worth noting that:

o if i < j, then p; =

o if i =j, then p; = 5

o ifi>j, thenp,J—O

“’\H%\N

Thus, it is easy to fill in the joint distribution table.

€m | 1]2]3]4]5]6]
1 T 121 Z 222
36 36 36 36 36 36

2 o[ L2 [ 27271212
36 316 326 326 326

R AR
4 0 100 Ta 3105
5 oJoJolo|4+1=2
6 ojojJoJo]o]=




Solution to Problem 1. ¢, continuation

E(§~77):inyjpijzz - + Z 36J_36(ZI +2 Z )

i=1 1<i<j<y 1<i<jsy
6 2
1 . 212
=% <z_; ,> =36 = 12.25,
49 91 161
cov(§,n) =E(¢-n) —E(QEMn) = - — o= = 0.9452.

4 36 36



Problem 2

We spin two spinners: one of them is red and the other one is blue.
Each spinner can land on the numbers 1, 2, or 3. Let &; denote the
number obtained from the red spinner, and & the number obtained
from the blue spinner. Determine the distribution of the random
vector (£,7m), as well as the values of cov(&,n) and (€, 7n), if

a. £ :=¢&, n:=min(&,&);
b. e ¢ :=¢&, n:=max(&,8);
c. £:=min(£1,&2), n = max(&1, &2).



Solution to Problem 2.a

Let & denote the number obtained from the red spinner, and &
the number obtained from the blue spinner.
a. e {:=¢&, n:=min(1, L),
Since & := &; and 7 := min(&1, &), we have:
o if i <, then p; =0,
° ifi>j,thenp,-j:%.

Thus, only the cases where i = j remain to be calculated.

(6 = Lmin(1, &) = 1) = {(1,1),(1,2). (1,3)}, igy pu = g
(6= 2.min(€1, &) = 2) = {(2.2). (2.3)} . Ty po2 = =,

9
(6 =3, min(6,&) = 3) = {(3.3)} i@y prs = 5.



Solution to Problem 2. a, egyiittes, marginalis
eloszlasok

Based on this, we can easily write down the joint distribution of
(&,m), as well as the marginal distributions.

(Em1]2][3] |
1 [§]of0]3
EHHIE
EHHHE

L [sfs[o]?]




Solution to Problem 2. a, The distribution of ¢

@ The distribution of £

Xi 1 2 3
1 1 1
Pi- 13133
Zx,p,— (1+2+3)=2,
2 2 2 14
E(¢?) ZZX,-p;.:§(1 +2243) =3,
i
14 2

D*(§) = E(¢*) — [B(Q))* = 5 -2 = 3.



Solution to Problem 2.
@ The distribution of n

a, The distribution of 7

yi|1l]12]3
5 3 1
Pi-19 (9|9
E(’?):ZX;PJ—l +2--43.--==-(5+6+3)=
J
14
= =1.5556
9 )
5 3 1 1
E(n?) = 2,122 192 2 32 2 _ = _
() =>_vip, S 2 S48 =S (5+12+9)

38
= =2 = 0.4691.
51 = 0-469

5-(5)



Solution to Problem 2. a, Determination of
cov(§,n) and (£, n)

e Determination of cov(¢,n)

E(¢-n) = xiyjpij =
ij

3 1 2 1 1 3
=1-1-24+2.1.=24+2.2.2 R .. .3.2 =
9T 5T g T3 1 g+3-2.5+3:3-¢
1
=5(3+2+8+3+6+27):%:5.4444.
49 14 7
cov(§,n) = E(&-n) —E(E() = 5 —2- 75 = 5 =23333.

e Determination of r(¢,7)

_cov(&m) u _ 21V57
D= bbe 2. m -

= 4.1722.



Solution to Problem 2. b

b. e £:=¢&, n:=max({1, &)
Since &1 < max(&1,&2), we have:

oifi<j,thenp,-j:%,
o if i > j, then p; = 0.

Thus, only the cases where j = j remain to be calculated.

(6 = Lmax(@,€) = 1) = {1 D}, ey pua = g,

(51 =2, max(§1752) = 2) = {(27 1)7 (27 2)}7 igy po =

(6 =3, max(&1, &) = 3) = {(3,1),(3.2). (3.3)) , iey ps = .

I

OIN



Solution to Problem 2. b, egyiittes és marginalis
eloszlasok

Based on this, we can easily write down the joint distribution of
(&,m), as well as the marginal distributions.

(Em[1]2]3] |
HEHHHE
LIEEE
1 |ofo|3]3

L [ssls ]t

@ The distribution of £ = & was already calculated the
problem in part a.
Thus, E(¢) = 2 and D?(¢) = %



Solution to Problem 2. b, The distribution of
n = max(&1, &2)

@ The distribution of n = max(&1, &)

Xi
¥

Ol =

3 .5 1
Zyjpj—l +2- 5435 =5(1+6+15) =

22

= 2 — 2444,
9
1 3 5 1
E() =2 yipj=1" g +2% 543 g =51 +12+45) =
J
58
= 2 _ 6.4444,
9

D) = B07) - B = - (5 ) = 55 = o401



Solution to Problem 2. b, cov(&,n), t(£,n)

e Determination of cov(¢,n)

E($-n) =D xiypj =
isj

,1.1.§+1.2.§+1.3.§+2.2.§+2_3,§+3'3'§7
:é(1+2+3+8+6+27):

47
= — =5.2222.

9

47 22
cov(¢,n) = E(§ - n) —E(©E() = 5 -2 =

1

=3 =03333.

e Determination of r(&,7)

(5, ): COV(& 77) _ ) \/ﬁ

D(n) \[\f 38

= 0.5960.




Problem 3

Let us define the random vector (£, 7) using the following table:

(Em) ] 1 | 3|5
2 [o01]02]01

3 0.1|04 |01

a. e Show that the random variables £ and 7 are not
independent, but uncorrelated;

b. e Determine the values of D?(¢), D?(n), and D?(¢ + 7);
c. e Determine the value of E(|{ — 7]).



Solution to Problem 3

First, we determine the marginal distributions.

&n [n=1]»=3]n=5]

|

x1 =2 0.1 0.2 0.1 0.4
xp =3 0.1 0.4 0.1 0.6
| 02 [ 06 [ 02 [ 1]
The distribution of &:
X; Hxlf2 Lx2:3 ‘
p | 04 | 06
The distribution of 7:
vi [[nn=1]yp=3]y=5]
pjl 02 [ 06 [ 02 |




a.e £ and 7 are not independent, since the product of the marginal
distributions is not equal to the joint distribution. This can be
easily verified, for example, by looking at the first row and the first
column: 0.2-0.4 # 0.1.
b.e The marginal distributions can be easily calculated from the
joint distribution table. From the obtained tables we easily have
that
The expected value and variance of &:
E(¢) =2-0.4+3-0.6=26,
E(£?) =2%-04+3%-0.6 =7,
D?(¢) = E(&?) — [E(¢)]? =7 — 2.6° = 0.24.
The expected value and variance of 7:
E(n) =1-02+3-06+5-02=3,
E(n?) =1?-0.243%-0.6 +52- 0.2 = 10.6,
D?(n) = E(n*) — [E(n)]* = 10.6 — 3% = 1.6.



Solution to Problem 3. b

To determine cov(,n), we need the value of E({n), which can be

calculated from the joint distribution table using the transformation

formula.

E(én)=2-1-0142-3-02+2-5-01+3-1-014+3-3-04+3-5-01=
=7.8.

We obtain that

cov(§,n) =E(&n) —E(§E(n) =78—-2.6-3=0.

Since cov(§,n) = 0, € and 7 are uncorrelated, although they are
not independent.

The value of D?(¢ 4 7)) can be most easily determined from the
obtained values, so it is not necessary to determine the distribution
of £+ 1.

D?(€+1) = D?(€) + 2cov(€,n) +D?(n) = 0.24+2-0+1.6 = 1.84.



Solution to Problem 3. c

c.e Determination of E(|¢ —7|) (the expected absolute deviation
between £ and 7)) is easy using the joint distribution table and the
transformation formula:

E(|¢ —nl) = ZZ Ixi — yilpij =

i=1 j=1
=1-2[-04+3-2/-02+|5—2/-0.1+|1—3[-0.1+[3—3]-0.4+|5—3-0.1
=13



Problem 4

Let £ € {U,V} (U# V)and ne {W,Z} (W # Z) be random
variables. Show that if £ and 7 are uncorrelated, then they are
independent.



Problem 5

The joint distribution of (£, 7) is given in the following table:

0 1 2
0.08 | 0.12 | 0.2
1] 12 }0.18| 3

Determine the values of E(¢£), D?(€), E(n), D?(n), cov(&,n).



Solution to Problem 5

The joint distribution of (£,7) and the marginal distributions can be seen in the
following table:

(€&n) || 0 1 |2
0 [[oo08|o012][02]04

1 12 [018] 3 [[06
| [o2] o3 ]o5] 1|
E(6) =0-0.441-0.6 = 0.6,

E(£%) =0%-0.4+41%.0.6 = 0.6,

D?(¢) = IE( €%) — [E(€))* = 0.6 — 0.6° = 0.24.
(n)z o.2+1-o.3+2-o.5=1.3,

E(n®)=0%-02+1%-0.3+2°.0.5 =23,
D*(n) = E(vf) — [E(m)]* =23 -1.3° =061,

E(6-17)=1-1-0.1841-2-0.3=0.78,

cov(&,n) =E(E-n) —E(§E(n) =0.78—-0.6-1.3=0

Thus, they are uncorrelated but not independent.



Problem 6

Let the random vector (£,7) be defined by the following table:

(&m) o] 1
0 0

1 0|1—-«

where a € (0,1). Determine the value of r(&, 7).



Solution to Problem 6

The joint distribution of (£,71) and the marginal distributions can be seen in the
following table:

[Emf[o] 1 ] |
0 a 0 «
1 0O|l—al|l l-«
l [e[l-af 1 ]
It is easy to see that
E() =E(n’)=1-a,
D*(€) =D*(n) = (1 —a) - (1 - a)* = a(l —a),
E(-n)=1-aq,
cov(¢,n) =E(£-n) —E(E(n) = (1-a) — (1 —a)* =a(l - ),
H(E,n) = cov(§,m) a(l — ) _

- D(ED(n) Va(l —a)y/a(l - a) B

This example is instructive because —1 < r(&,71) < 1, and thus we have seen
an example where r(¢,7n) = 1.



Problem 7

Let the random vector (£,7) be defined by the following table:

(&m) 0 |1
0 0 «
1 l1—-a| 0

Determine the value of r(§,n).



Solution to Problem 7

The joint distribution of (£,7) and the marginal distributions can
be seen in the following table:

(&m0 J1] |
0 0 « «
1 l-a|0||1—-«
| [1-afa] 1 |




Solution to Problem 7, continuation

E(§) =1—a,

E(¢?) =1—aq,

D*(&) =E(&) — [E()P =(1—a) — (1 - a)’ = a(l - a),
E(n) = a,

E(n’) = o,

D?(n) = E(n?) - [EM) = a - o® = ol — a),

E(§-n) =0,
cov(§,n) = E(§ - n) — E(§E(n) = —a(1 — a),

D(&)D(n) N Va(l —a)y/a(l —a)

This example is instructive because —1 < r(§,n) < 1, and thus we
see a concrete example where r(§,n) = —1.



End of Seminar 7

o> <Fr <

Q>




