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1. 1 — a Confidence Interval



1 — a Confidence Interval

Definition
Let &1,&0,...,&, be an independent sample with unknown
parameter 1J. We look for statistics g and g such that

P(g(1,62, -+, 6n) V< B, .. ,6n) 21— 0.

Then the interval (g(&1,82,...,6n),8(&1,62, -+ -,&n)) is called the
1 — a confidence interval with a given confidence level for the
unknown parameter ).



Important Confidence Intervals

In the sequence the sample &1,&s, ..., &, will always be an
independent sample from a A/ (u, o2) distribution. We will deal
with the following cases:
@ Estimating u when
1. 02 is known: the applied statistic is: ETT"\/E ~ N(0,1);

2. o2 is unknown: the applied statistic is: gg“ﬁ ~ th_1.

n

@ Estimating o2

2
3. the applied statistic is: =% ~ x2_4



The procedure for constructing the confidence

_interval
1. Compute the value of £ from the sample, with n and ¢ are
given.

2. Compute the value of ua. Since &~ 'uﬁ ~ N(0,1) we have
g

1—a:P<—Ug<§_M\/E<Ug>:

(o

=0 (ug) — (1-0(ug)) =20 (ug) -1

3. Since the value of « is given, the corresponding us can be
easily found from the table.

4. Based on point 2, the confidence interval is
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Problem 1

Let &1,&, ..., & ~ N (i1, 02) be an independent sample, for which:
n = 10;

£=1.12;

03 = 0.3162.

Determine the 95% confidence interval for p.



Solution of Problem 1

1—a=0.95 so a = 0.05.
We know that %}“ﬁ ~ N(0,1). Then
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Continuation of the Solution to Problem 1
ug can be looked up in the table: us = 1.960.

—Uaéé_ﬂﬁ<w
o 2
then
oug
13 u|<ﬁ
thus
g7O'u%< <§+UU%
NS NG
that is
0.3162 - 1.960 0.3162 - 1.960
112 — ——— < u<1124+ ——
V10 : V10
hence

0.92 < p < 1.32.



Problem 2

Let &1,&, ..., & ~ N (i1, 02) be an independent sample, for which:
n = 10;

£=1.12;

oo = 0.3162.

Determine the 99% confidence interval for p.



Solution of Problem 2

1—a=0.99 soa=0.01
We know that %}“ﬁ ~ N(0,1). Then
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Continuation of the Solution to Problem 2
ug can be looked up in the table: us = 2.576.

—ua < £ M\/E < ug
o 2
then
oug
— <
1€ — pl NG
thus
57 O'U% < < 5 n UU%
NS NG
that is
0.3162 - 2.576 0.3162 - 2.576
112 — ——m— < u<1124+ ——
V10 : V10
hence

0,8624 < y < 1.3776.



Steps for Interval estimation for unknown 4, also
o? unknown

1. Determining te

P(—ta<Hﬁ< ta) :2F(tg>—1:1—a.
2 sk 2 2

From the appropriate table, ta can be find out using the
relevant table by

a
Feg)=1-5%
2. Thus we obtain that
tas” tas”
ra 2 n ra 2 n
— <<€ — .
§=m SHSET A



Problem 3

Let &1,&,...,&n ~ N (i, 03 be an independent sample.
Now neither p nor og are known.

Let

n=10;
£=1.12

sk =0.3162.

Provide a confidence interval for p with 95% confidence level.



Solution of Problem 3

é-_IUI\/BN th—1

S,

*
n

P<—x<§_“ﬁ<x):F(x)—F(—x)zl—a

thus o
F(x)=1- >

Since F(x) + G(x) = 1, we have

G(x)=1-F(x)=1—(1—%) =%, so we must find the value x

for which G(x) = 0.25.

For n = 10 we have n —1 =9, so look at row 9 and column 0.25.

x = 2.262, hence

2262 < S /n < 2.262

Sn




Solution of Problem 3

Thus 2962 . *
_ ) .S
_ < /=" Tn
€ — NG
whence we have that
2.262 -0.3162 2.262 -0.3162
112 - ———=—— <pu <1124 —————

V10 V10

that is
0.8938 < i < 1.3462



Steps for Determining the Confidence Interval

1. Since the density function of the distribution x2_; is not
symmetric with respect to the y-axis, we can not construct a
confidence interval that is symmetric about the origin, and
consequently we cannot obtain the shortest confidence interval

either.
2

2. We know that =¥ ~ x3_;, thus from
2
ns
IP’<X/<U2"<XU> =1—-«a

we must find an appropriate pair of values x; and x, in the
corresponding table.



Steps for Determining the Confidence Interval,

continuation
3. Since
ns2
P (x/ < — < XU> =F(xy) —F(x)=1-a,
g

it is therefore sufficient to find the pair x5, x¢ such that

(6% a
Foo)=1-5,  F(x)=1

With these numbers x; and x,, the confidence interval is:




Problem 4.

Let &1,69,...,&n ~ N(p1,03) be an independent sample.

n = 10;

s2 = 0.099;

Construct a confidence interval for og with confidence level 0.95.



Solution of Problem 4.

We know that
ns2
o2 ~ Xn-1-
We are looking for constants x; and x, such that

2

ns
IP><X/< 2’1<Xu>:1—06,
g

however, the density function of the x,_; distribution (denote it by
f) is defined on Ry and thus is not symmetric with respect to the
y-axis, so we cannot use the relation f(—x) = f(x).

Let the cumulative distribution function be F, then it must satisfy

F(x,) = F(x) =1- ¢,

but it is enough if

5 F)=3

F(x,) =1- >



Solution of Exercise 4, continuation

However, the cumulative distribution function is not in the table,
but
G(x)+F(x) =1, so G(x)=1—-F(x)

that is,

5 = 0.025.
Since n = 10, we need to look at the 9th row and the 0.25 and
0.75 columns of the table.

G(x,) = 0.025, G(x;) = 0.975,

that is,
xy, = 19.023, x; = 2.7004.



Solution of Exercise 4, continuation

Thus we obtain that

2
2.7004 < o8 < 19.023,
(o2
ns2 ) ns2

<0< .
19.023 2.7004

that is
0.228 < o <€ 0.7023.
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