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1. Basic Statistics



Problem 1

10-element sample:
3.6, 1.3, 0.5, 6.2, 1.0, 9.8, 3.0, 3.1, 6.5, 7.6.

Determine the
a. mean,
empirical second moment,
empirical variance,
corrected empirical variance,

empirical median,
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median absolute deviation.



Solution of Problem 1

10-element sample:

3.6, 1.3, 0.5, 6.2, 1.0, 9.8, 3.0, 3.1, 6.5, 7.6.

mean: & = 4.26,

empirical second moment: my, = 26.9,
empirical variance: 5,2, = 8.7524,

corrected empirical variance: s,",‘2 = 0.7249,
empirical median: med = 3.35,

median absolute deviation: MAD = 2.6.
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2. Maximum Likelihood Method



Problem 2

Using the method of moments and the maximum likelihood
method, determine

a. the unknown parameter p of a sample from the Bernoulli
distribution,

b. the unknown parameter A of the Poisson distribution,
c. the unknown parameter A of the exponential distribution,

d. the parameters m and o2 of the normal distribution.



Solution of Problem 2. a.
a. Bernoulli distribution.
It is easy to compute using the method of moments because if £
has a Bernoulli distribution with parameter p, then E(¢) = p. Since
E(¢) ~ &, we have p = €.
The maximum likelihood method requires a few more steps.
e Distribution: P(¢ = k) = p*(1 — p)'=* (k € {0,1});
o L(A) =TIy P (1= p)%;
n i &\ v (A=-p)&i—p(1-&) _
o Zln(\) =1, (% - %) =i % =0.
Multiply both sides by p(1 — p):
0=37":((1=p)i —p(1 &) = )
2im1(&i —p&i—p+p&i) = 2 (& —p) = 2, & —np =0,

from which we get

ﬁZ%Zéiza
i=1

so we get the same result as with the method of moments.



Solution of Problem 2. b.

b. Poisson distribution.

It is easy to compute using the method of moments because if
¢ ~ Poiss()\), then E(£) = . Since E(£) ~ &, we get A=¢.
The likelihood method leads to the same solution.

o plk.\) =31e (k€0,1,2,...);

o L(N) =11, f; e

o I(A) = log(L(N\) = 201 (& In(X) — In(&1) — A);
0 0=HIN=Y1, (§-1)=EpE—n=0

from which we get



Solution of Problem 2. c.

c. Exponential distribution.
It is easy to compute using the method of moments because if
¢ ~ Exp(}), then E(€) = %. Since E(£) ~ &, we get

=1
§
The likelihood method leads to the same solution.
o f(x,A\) = e ™ (x > 0);
o L(\) =T]", xe &,
o /(A) = In(L(A)) = 21 (In(A) — A&);
e 0= E%I()\) S (% — {,’) =4 - >y &, from which we

get
~ 1 1

)\:7::.
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Solution of Problem 2. d.

d. Normal distribution.
Using the method of moments, if £ ~ N(m,o?), then E(¢) =
and D?(¢) = 2. Since E(ﬁ) ~ & we get m =& Also, D?(¢) ~ s2,

thus o2 ~s2*m2—§ .
Applying the maximum likelihood method is also straightforward:

2

(x=m)
e f(x,m,o?%) = 21Me7 202 (x € R), here 0 = Vo2, and we

consider o2 as the parameter;

N 1 _(s,-—n;)z
° L(m) = Hi:l Qﬂ-Ue 20 ;

o llm) = n(L{m) = 7. L (n (oA - 680,
o Zi(m) =31, 55 24 -—m =520 (5—m)=
%(ZI 1 & —nm) =0, from which we get

m = %Z&':g-
i=1



2. d. Solution, continuation

2

Estimation of the unknown parameter o= using the maximum

likelihood method:

o I(02) = In(L(6?) = X7y (In (A=) — 31n(0?) - 555);

C n i77 2
® goal(0?) = iy (5t (5(0592) =0 /20
thus we get — > 7
follows that




Problem 3

Estimation of the unknown parameter 1 from a sample drawn from
the U(0,¥) distribution.



Solution of Problem 3

Let &1,&2,...,&, be an independent sample from the U(0, )
distribution.

1. Estimator: 2¢

Indeed, since £ = 1 3°7 | &, we have

1 /A
ZE@ )=n =y

so 2 is indeed an unbiased estimator.

D0 =4 D2<Z§)_n2 12 3%192



Solution of Problem 3, continuation

2. Estimator: ! max(&1,&, ..., &)

A theorem regarding Fax and Frin.

Step 1: If &,&, ..., &, are independent random variables with
distribution functions F1,F>,...,F,, and we define

1 := max(&1, &2, ..., &n), then the distribution function of 7 is

F(x) = F1(x)Fa(x)...Fn(x),

because

F(x) = P(max(&1, &2, .-, €n) < X) =
=P((&1 <x)N (& <x)N---N (& < X)) =
= P((&1 < X)P(é2 < x) ... P(En < X)) = F1(x)Fa(x) . .. Fp(x).



Solution of Problem 3, continuation

Step 2: Let &1,&,...,&, be an independent sample from the
U(0,99) distribution. Then the distribution and density function of
77 = max(fl, 523 L) 75!1) are:

0, ha x < 0;
)n,haO<x<19;

1, ha x > .

n /x\n-1
(2 h :
f(x) =49 (f}) » ha x e (09);
0, egyébként.

X

P00 =1 (5



Solution of Problem 3, continuation

The expected value and variance of n are:

U ox rx\n-1 n Y
]En:/x — dx:/ x"dx =
=) 5G) =5,

n [x”“ ]X:ﬁ n yntl n
=0

T n+1l,_, 9"ntl A+l
9 n_1 9
n /x n
E(n? :/ 2= (= dX:/ x"dx =
o= [ 25 (G) =5
I S I
V" n+2],_, n+2 9"  n+2
2
D2(n) = E(r?) — (E(m)2 = —"_ 92 _ n _
() =E(n7) = (Bm)" = —59" — {77



Solution of Problem 3, continuation

Step 3: The estimator &} is not a good estimator since it is biased.
The unbiased estimator is inl& i.e., inln.
The variance of the estimator is

D2<n+1n>:(n+1)2 n2n—1) , 2n-1 92

n "2 (n+2)(n+12  n(n+2)

Hence, 2€ is the more efficient estimator.

1 2n—1 1 2n-1

<—F/—F= < =< <~ 2<6n-—3
3n  n(n+2) 3 n+2 nt "

5
<— b<bn — 5<n'
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