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1. Drawing balls from an urn



Notations

We draw balls one by one from an urn. In the case without
replacement, a drawn ball is not returned to the urn; in the case
with replacement, it is returned.

In both cases, we use the following notations:

N is the number of balls in the urn;

s is the number of red balls;
N — s is the number of white balls;
n is the number of balls drawn;

k denotes the number of red balls drawn:

px denotes the probability that the number of red balls drawn
is k.

The set of balls in the urn is denoted by

G = {Pl, P2, ey PS, Fl, F2, ey FN—s}-



Drawing without replacement

First we construct the set Q. Since in this case the drawn balls are
not returned to the urn, we have

Q= {(g1>g2a"'7gn) €G" ‘ §j #gka If./# k}

Note that the value of k can not be arbitrary, it have to staisfy the
following inequality

max(0,n — (N —s)) < k < min(s, n).
It is also worth mentioning that

#Q =V = (N)n.



Number of favorable outcomes

Suppose we have drawn n balls and among the 1,2,..., n positions,
k positions contain red balls. The positions of the red balls can be
chosen in
k n
= (i)
ways.

Once the red and white positions are fixed, these positions can be
filled with the appropriate colored balls in

VE- VI = (5)k(N = )k

S

ways.



Number of favorable and total outcomes

Number of favorable outcomes:

(7) O = 51

Total number of outcomes:

Vii = (N)n.



Probability of drawing without replacement

The probability:

n

)N =s)
™,

(S = 5)o (Z)f(lzn__si")?k <k><N—_k>

pk = P(Ax) = <

(N)n B (V)n a <N>

n! n



Drawing with replacement
First we construct the set €. Since the balls are returned to the urn
after each draw, we have
Q=GxGx---xG=G".

Analogously to the case without replacement, we obtain:
Number of favorable outcomes:

Cr/: ) Vsk(i) . V/Z:’;(I) _ (Z) Sk(N _ s)n—k'

Total number of outcomes:

val) — o,



Probability of drawing with replacement

The desired probability: From the favorable/total formula we get

px = P(Ax) = (D O <n> s M —

=@



2. Geometric method of calculating
probability



Geometric probability

Let K be an experiment. To each possible outcome of the
experiment we assign a point in R”. The resulting set of points is
denoted by .

The geometric method of calculating probability for an event

A C Q can be applied if there exists a measure m (typically length,
area, or volume) such that

0 < m(Q) < 400

and the set A C R" is also measurable with respect to m. Then the
probability of event A is



Example of geometric probability

Example

Two people arrive randomly at a given place between 12 am and 2
pm and each stays for 20 minutes. What is the probability that
they meet?

Solution:

Q :=[0,120] x [0, 120], A:={(x,y) € Q2| |x—y| <20}
It is easy to see that

Ix —y| <20 <= y>x-—20andy < x+ 20.



Continuation

Example

The inequalities define two half-planes; intersecting them with Q
gives the shaded strip in the figure below.

120

The required probability is

A) 1202 —2. 100 100\? 11
P(A):m()— 2 _ _<00)

m(Q) 1202 120) 36 030



3. Kolmogorov probability space

2.3.1. The concept and properties of a o-algebra



The sort history of Probability Theory

The classical probability space were first studied by Pascal and
Fermat.

Blase Pascal (1623 — 1662) was a French mathematician,
physicist, philosopher, and Catholic writer.

Pierre de Fermat (1601 — 1665) was a French magistrate,
polymath, and above all mathematician.

Andrey Nikolaevich Kolmogorov (1903 - 1987) was a Soviet
mathematician who placed probability theory on a
measure-theoretic basis. It is mentioning the Kolmogorov's article
in 1988.



o-algebra

Definition
Let X be a non-empty set, and let A C P(X) be a family of
subsets. We say that A is a o-algebra on X if

1. X e A;

2. If Ac A, then its complement A:= X \ A € A4;

3. If A, Ay, ... is a sequence of sets in A, then

o
U A; € A.
=il



Properties of o-algebras

Theorem

If A is a o-algebra on X, then

e A

If (An) is a sequence of sets in A, then (172, Aj € A;
IFA,Bc A then AUB, ANB, and A\ B € A;

If A1, Ay, ..., A, are finitely many sets in A, then
AAUAU---UA, e Adand AiNAN---NA, €A

(So a o-algebra contains (), and it is closed under countable set
operations.)

P 8N



3. Kolmogorov probability space

2.3.2. The Kolmogorov probability space



Kolmogorov probability space

Definition

A triple (Q2, F,P) is called a Kolmogorov probability space if

1.

Q is a non-empty set, called the sample space, whose
elements are the elementary events. Elementary events are
not events.

. F CP(Q) is a o-algebra on Q. F is the set of events.
. P: F — R is a function such that:

. Non-negative: P(A) > 0 for all A € F;

Normalized to 1: P(Q) = 1;

o-additive: if A, Ay, ... is a sequence of pairwise disjoint
events (Aj € F, i=1,2,..., and AjN A, =0 if j # k), then

() -5
n=1 n=1



Properties of probability 1-3.

Theorem

If (Q, F,P) is a Kolmogorov probability space, then
1. P(0) =0.
2. The finite additivity of probability, that is

P(AiUAU---UA,) =P(A1) + P(A2) + - - - + P(Ap)

for all Ay, Ay, ..., A, pairwise disjoint events.

3. The probability of the complementary event
P(A) =1-P(A)

for all A € F.



Properties of probability 4-6.

Theorem
If (Q, F,P) is a Kolmogorov probability space, then
4. If A,B € F such that A C B, then

P(B\ A) = P(B) — P(A).

5. The monotonicity of probability If A, B € F such that
A C B, then
P(A) < P(B).

6. 0<P(A)<1forall Ae F.



Properties of probability 7-9.
7. Inclusion-exclusion formula for two events:
P(AU B) = P(A) + P(B) — P(AN B)

forall A,B e F.
8. Inclusion-exclusion formula for three events:

P(AUBUC) =
=P(A)+P(B)+P(C)—P(ANB)-P(ANC)-P(BNC)+P(ANBNC).

forall A,B,C € F.

9. Poincaré formula:

P(ALU---UA,) = (—1D)P(A, N---NA).

for all A1, Ay, ..., A, are events.



Continuity of probability

Theorem
Continuity of probability

1. If (By) is a decreasing sequence of events, that is,
BiDB D...

and (72, B, =0, then lim,_,o P(B,) = 0.

2. If (Bp) is a decreasing sequence of events with (172, B, = B,
then limp_o0 P(Bn) = P(B).

3. If (By) is an increasing sequence of events, that is,
BiCcBC...,

with |2, B, = B, then limy_oo P(B,) = P(B).



End of Lecture 2

«Or Fro«

Q>




