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1. Hypothesis Testing



Definition

Let £ = (&1,&, .. .,&n) be a sample with joint distribution function
F(-,9), where 9 € © is the unknown parameter. We partition the
parameter space © into two parts ©¢ and ©1 such that

©yUB; = 6.

Null hypothesis Hy: ¥ € Oy;

Alternative hypothesis H;: ¥ € ©;.

If 9 € ©g N O1, then the decision is made randomly.

Definition

Keeping the previous notation

Simple null hypothesis Hy, if ©9 = {Jg}, i.e. ¥ = Vo;
Alternative hypothesis H, if ©1 = © \ {¥p}, i.e. ¥ # Vo.



2. Decision, Significance Level, Type | and
Type Il Error



Critical Region

The sample space
x = {(x1,%2,...,%n) | X1, %2, ...,x, are sample realizations} C RV
is divided into two disjoint sets x = C U C, where the set C is said
to be the critical region.

o If (x1,x2,...,%n) € C, then we reject Hp,

o If (x1,x,...,x,) € C, then we accept Hp.



Definition

The significance level of the test is «, if
P(¢) e C| Hy) < a.

If we make a decision we can make errors.

@ Type | error is the probability that we reject Hy although it is
true, that is, the Type | error is the probability

P(§) € C | Ho).

@ Type |l error is the probability that we accept Hp although it
is false, that is, the Type Il error is the probability

P(¢) € C | Hy).



Power Function, Consistent Power Function

Definition
The function W : © — [0,1] (W = W(C, 9, n)) defined by

W) =P({¢cC|d}) (Ve0)

is called the power function corresponding to the critical
region C, where { = (£1,&2,...,&,) is the independent sample.

Definition
The power function W corresponding to the critical region C is
called consistent if

lim W@)=1 (I € Oy).

n—oo



Unbiased Test at Level o, More Powerful Tests

Definition

A test is called unbiased at level « if
PEeC|¥)<a (¥ € ©y),
PEeC|d)>a (¥ € ©1),

Definition
Among the level « tests defined by the critical regions C; and G,
we say that C; is more powerful than G, if

PEeG|I)2PEeC|d) (Je0O),

that is, for every ¥ € ©, the power function corresponding to C; is
greater than or equal to the power function corresponding to G.



2. Classical Tests for the Expected Value



Classical Tests for the Expected Value

@ one-sample u-test;
@ one-sample t-test;
@ two-sample u-test;

@ two-sample t-test (For this, the two unknown theoretical
variances must be equal, which is checked using the F-test.)



2.1. One-sample u-test



One-sample u-test

Let &1,...,&, ~ N (1, 0%) be an independent sample, where o2 is
known, and po € R is a given number:

The simple null and alternative hypothesis:

Ho : i = po;

Hi: e # po.

The decision:

1. We assume that p = ug, we have that




2. As in the construction of confidence intervals, we need to
determine the value of u such that

]P’(—u<€'uf<u | p= uo> =1—-«
that is, the appropriate value of u can be calculated from
a
Ou)=1- —.
()=1-1

3. Based on the sample, we calculate

€~ Ho
Uobs ‘= pu ﬁ

4. Decision: If |uops| < u (obs = observed), then we accept the
null hypothesis Hp; otherwise, we reject it Hp.



2.2. One-sample t-test



One-sample t-test

Let &1,...,&, ~ N(u, 02) be an independent sample, where o2 is

unknown, and po € R is a given number.
The simple null and alternative hypotheses:
Ho = v = po;

Hy: i # po.

Decision:

1. We assume that 1 = g and have

£— 0
gi*u\/ﬁr\’ th—1

Sn



One-sample t-test

2. In the same way as constructing confidence intervals, we need
to determine the t value for which

IP’(-’-“S_*MOW< t7|M=M0> =1-aq,

n

that is, if F denotes the cumulative distribution function of a
t,—1 random variable, then we look for the t value satisfying

F(t):l—g (or G(t):%).

3. Based on the sample, we calculate

£~ 1o
tobs := o* ﬁ

n

(obs = observed).
4. The decision is made as follows: if |tops| < t, we accept the
null hypothesis Hy; otherwise, we reject it.



2.3 Two-sample u-test



Two-sample u-test

Given £1,&2, ..., &m ~ N(u1,02) and 1, ..., np ~ N (2, 0?)
independent samples. (The & and 7); are also independent from
each other.)

The simple null and alternative hypotheses:

Ho : pa1 = p2;

Hy 1 # po.

Decision:

1. Assuming p = o, we have

—n M N0, 1).
o m-+n

A




Two-sample u-test

. We find the v value for which

]P’(—u<§_nw mn <U|M:M0>:1—Oé,
o m-+n

that is,

Ou)=1- 7.

. Based on the sample, we calculate

-n mn

o m+n

. The decision is made as follows: if |uops| < u, we accept the
null hypothesis Hy, otherwise we reject it.

sy

Uobs =



2.4 Two-sample t-test



Two-sample t-test

Given &1,...,&m ~ N(p1,0%) and n1, ..., 1m0 ~ N (2, 02)
independent samples (where &; and 7); are also independent of each
other). (It is important that the samples come from distributions
with a common variance.)

The simple null and alternative hypotheses:

Ho : p1 = po;

Hy:pa # po.

Decision:

1. If pg = po, then

E-7 mn .
\/(m—l)s;;,+(n_1)57;2 m-+n m+n—2-

m-+n—2



Two-sample t-test

. Find the t value for which

F(t) =1 — % (or G(t) = 5) .

Q

. Based on the sample, calculate

E—7 mn
tobs =
(m—1)si+(n—1)s:2 m-+n
m+n—2

. If |tops| < t, then we accept the null hypothesis Hp; otherwise,
we reject it.



2.5. F-test

«Or Fro«

Q>




F-préba
Legyen 51752 ce. 75!71 NN(,U,]_,O'%) és n,m2...,7n NN(MZ)Og)-

.2 2.
Statistic:
2
ns
f= ’; ~ Fm_1,n-1 ha ns? > ms>,.
msz,

Let F denote the cumulative distribution function of the Fp,_1 p—1
distribution. The values x; and xr are determined so that

F(xf) —F(xa) =1 — a,

which is difficult to realize exactly. Instead, we can restrict to

Fix)=1-3.  Fla) =3,
or (depending on the table)
a a
Glxr) =5, Glx)=5.

If x. < fane < Xr. then Hn is accepted: otherwise. it'is rejected.



3. Test for the Variance



2 Test

Given &1,& ..., & ~ N (u, 02) independent sample.
Ho : 0 = oyp;

Hi:o 7& 0Q.
Statistic:
ns?2 ) _
2 ~ Xm7 pI’OVIded that g = O’o
o
0

Let F denote the x2_; cumulative distribution function. Determine
Xa, Xf such that

F(xf) —F(xa) =1 — a,
it suffices that

«

F(xf) =1— =, F(x,) =

N

In the table, F(x) + G(x) =1, so G(xr) = 5, G(xz) =1 - 5.
Decision:
If x; < x < x¢, then accept Hy; otherwise, reject it.

N[Q



4. Goodness-of-Fit Test



Goodness-of-Fit Test

Let &1,&o,...,&, be an independent sample. With distribution
function F.

HO F= Fo;

Hi : F £ Fy.

Divide the real line into k parts with breakpoints

—0o =g <ar<a < - <ag-1 <ag =+

P(ai—1 <& < aj) = Fo(a;) — Fo(ai—1) = pi (i=12,...,k)
Based on the sample, we know that n; sample elements fall into the
i-th interval. Then

X =F(1—-a)=G(a);

where F denotes the distribution function of a chi-square
distribution with k — 1 degrees of freedom, and G(x) =1 — F(x)
(x € R) is defined accordingly.



Goodness-of-Fit Test

Let )
(ni — np;)?
Xobs == )~
=3
i=1
Decision:
We accept Hp if x < xobs, Otherwise we reject it.



End of Lecture 12

«Or Fro«
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