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PREFACE

The present thesis aims to conduct some studies of the maximum (supremum) operator
on:

i.) o-algebras, i.e. to define on c-algebras functions which map the union into the
maximum under certain restrictions opening the door to the characterization of mapping
bijectively o-algebras onto power sets,

ii.) the set of measurable functions with various characterizations

The material is presented essentially in seven chapters almost all of which begin with
an introductory part. In the first some historical backgrounds are presented. Chapters
11—V deal essentially with results in connection with optimal measure which is a function,
continuous from above and suitably normalized, mapping any given o-algebra into the
interval such that every finite union is mapped into a maximum. We point out that
the choice of the term optimal measure is deliberate, since taking the maximum also
encounters the meaning given in the Oxford Dictionary to the world “optimal”. Chapter
VI treats some maximal inequalities regarding random variables. In the last chapter we
present some applications.
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CHAPTER 1

HISTORICAL BACKGROUNDS

Notations.

* N denotes the set of positive integers.

* R denotes the set of real numbers.

* R, denotes the set of non-negative real numbers.

* x (B) stands for the characteristic function of the set B.

* | B| designates the cardinality of the set B.

*\/ and V (respectively, A and A) stand for the maximum (respectively the minimum)
operator.

* P =P,y UPy will denote the set of all optimal measures defined on measurable
space (§2, F), with both € and F being infinite sets, where P. (resp. Ps) denotes the
set of all optimal measures whose generating systems are finite (resp. countably infinite).

* For every A € F, we write A for the complement of A.

* A C B means set A is a proper subset of set B.

* A C B means set A is a subset of set B.

* The power set of set A will be denoted by P (A) or 24.

1.1 About the convergence of function sequences

Augustin Louis Cauchy in 1821 published a faulty proof of the false statement that the
pointwise limit of a sequence of continuous functions is always continuous. Joseph Fourier
and Niels Henrik Abel found counter examples in the context of Fourier series. Dirichlet
then analyzed Cauchy’s proof and found the mistake: the notion of pointwise convergence
had to be replaced by uniform convergence.

The concept of uniform convergence was probably first used by Christoph Gudermann.
Later his pupil Karl Weierstrass coined the term gleichmdflig konvergent (German: uni-
form convergence) which he used in his 1841 paper Zur Theorie der Potenzreihen, pub-
lished in 1894. Independently a similar concept was used by Philipp Ludwig von Seidel
and George Gabriel Stokes but without having any major impact on further develop-
ment. G. H. Hardy compares the three definitions in his paper Sir George Stokes and the
concept of uniform convergence and remarks: Weierstrass’s discovery was the earliest,
and he alone fully realized its far-reaching importance as one of the fundamental ideas of
analysis. For more materials about these facts we refer to [63] or
http://en.wikipedia.org/wiki/Uniform_convergence.

Ever since many other types of convergence have been brought to light. We can
list some few of them: discrete and equal convergence introduced by A. Csészar and
M. Laczkovich in 1975 (cf. [27, 28, 29]), topologically speaking the weak and strong
convergence, the latest being at the origin of the so-called Banach spaces, which are very
broad and interesting classes of functions, indeed.



1.2 Owuter measure

The question ” Can we assign to a subset B of R a measure of its length?” had been of
great importance. The answer to this problem lies in measure theory, a subject that was
pioneered by Lebesgue, Borel and others at the beginning of the 20th century and which
proved to have an immense impact on modern analysis and probability theory, as well as
on many other areas of mathematics.

Definition 1.2.1 An outer measure is an extended real-valued set function p* having the
following properties:

i.) The domain of definition of u* consists of all the subsets of a set X # &.
ii.) u* is non-negative.
iii.) p* is countably subadditive, i.e.
p (Ui An) < 2200007 (An)
whenever (A,) is a sequence of subsets of X.
iv.) p* is monotone.
v.) pu* (@) =0.

Definition 1.2.2 Given an outer measure p*, we say that a set E is p*-measurable if
w(A) =p* (AN E) + p* (A\E) for any subset A C X.

The (vague) motivation for Definition 1.2.2 is that the sets we want to single out as
w*-measurable should be such that p* will be additive on them.

Theorem 1.2.1 Let yi* be an outer measure and denote by A the class of all *-measurable
sets of a set X #+ &. Then

i) X e A
ii.) B € A whenever B € A (where B denotes the complement of set B).
iii.) (B,) C A, then |J,~,B, € A.
Moreover, if p1 denotes the restriction of p* to A, then

iv.) (@) =0, u(B) > 0 whenever B € A,

v.) w(UrZ Bn) = > 02 u(By) for every sequence (B,) C A whose members are pair-
wise disjoint, in this case p is commonly reported to be o-additive.

Every collection A of sets meeting properties (i)—(iii) is called o-algebra and every set
function p satisfying properties (iv) and (v) is referred to as measure.



1.3 Construction of outer measures

Let I be a class of subsets of a set X # @. We call K a sequential covering class (of X)
if:

i.) @ ek.
ii.) For every set A there is a sequence (B,) C K such that A C |J,_, B,.

For example the bounded open intervals on the real line form a sequential covering
class of R.

Let X\ be an extended real-valued, non-negative set function, with domain /C, such that
A (@) = 0. For each subset A of X let

4" (A) = inf {i A(By): (B)) CK, AC Uff:an} (1)

Theorem 1.3.1 For any sequential covering class K and for any non-negative, extended
real-valued set function A\ with domain K and X (&) = 0, the set function p* defined by
(1) is an outer measure.

1.4 Completion of measures

A measure p with domain A is said to be complete if for any two sets N, E the following
holds: If N C E, E€ A and (E) =0, then N € A.
Note that the measure constructed in Theorem 1.2.1 is complete.

Theorem 1.4.1 Let pu be a measure on a o-algebra A and let A denote the class of all
sets of the form E'U N, where E € A and N is any subset of a set of A of measure zero.
Then A is a o-algebra and the set function i defined by i (EU N) = i (E) is a complete
measure on A.

1.5 Lebesgue measures

Denote by R™ the Euclidean space of n dimensions. The points of R™ are written in the
form x = (x1, ..., z,). By an open interval we shall mean a set of the form

Ly={o=(v1,...,mp) a0 <mi < b fori=1,...,n}

where a = (a1, ..., a,) and b= (b, ..., b,) € R™.

The set IC of all open intervals forms a sequential covering class of R™. Let A be given
by A(@) = 0and A (I,,5) = [[—, (bj — a;), if a # b. The outer measure determined by the
pair I, A (in accordance with Theorem 1.3.1) is called the Lebesgue outer measure. The
complete measure determined by this outer measure (in accordance with Theorem 1.2.1)
is called the Lebesgue measure. The measurable sets are called the Lebesgue-measurable
sets.

If the axiom of choice is agreed upon, then the following important result is a valid
argument.



Theorem 1.5.1 (P. R. Halmos, [37]) There exists a set on the real line that is not
Lebesgue-measurable.

1.6 Notion of abstract measure and probability the-
ories
Definition 1.6.1 A collection F of subsets of a set Q2 # & is called o-algebra if:

i.) A€ F whenever A € F.
ii.) U2, A, € F whenever (A,) C F.

The pair (£2, F) is then referred to as a measurable space and every member of F is
called a measurable set.

The triple (Q, F, p) is called a measure space if (€2, F) is a measurable space and
the function u : F — [0, c0) is a measure, in the sense that p meets the following two
properties:

1.) u(@) =0.

2.) p(U 2 An) = 007w (A,) whenever (A,) C F is a sequence of pairwise disjoint
measurable sets.

By a measurable function defined on the measurable space (§2, F), we mean a function
f:Q — R for which (f <b) € F for all b € R.

Two measurable functions f and g are said to be equal almost everywhere if u (f # g) =
0. This is manifestly an equivalence relation, and we remind that if f is a measurable
function, then it is let to coincide with the induced equivalence class.

We note that various types of convergence (for instance the pointwise) of sequences of
measurable functions are widely treated in the literature.

The basic notion of modern probability theory, pioneered by the Russian Mathemati-
cian A. N. Kolmogorov, is an adaptation, in a sense, of measure theory. This idea proved
to be very genius, since many other probabilistic theories, such as the theory of stochastic
processes, martingale theory, mathematical statistics and so on have been brought to light.
Though probability theory is derived from analysis there are specific notions that cannot
be treated by means of analysis: the notion of independence, conditional probability and
conditional expectation, which is guaranteed by the Radon-Nikodym theorem. One of the
areas of interest of the present candidate is martingale theory. What exactly martingale
is? Before reminding this definition let us first refresh our mind over the conditional
expectation (cf. [53]).

Definition 1.6.2 Let X be a random variable with finite expectation on a probability
space (2, F, P) and § C F a sub-c-algebra. The conditional expectation of X given S,
is a random variable to be denoted by E (X|S), such that E(X|S) is an S-measurable
function and E (xaF (X|S)) = E(Xxa) for every A€ S.



Definition 1.6.3 Let (2, F, P) be a probability space and (F,) C F an increasing se-
quence of o-algebras. The pair (X, F,), n € N, is referred to as a submartingale if for
every n € N the following conditions hold simultaneously:

a.) EX, < oo,
b.) X, is F,-measurable,

c.) E(X,i1|Fn) > X, with probability one. Whenever the inequality in (c) is reversed
we then speak of supermartingale.

If (X, Fn), n € N, is both a submartingale and a supermartingale, then we speak of
martingale (cf. [52]).

J. L. Doob is actually the initiator of martingale theory. Perhaps, we should remind
one of the most fundamental results he obtained, called Doob’s maximal inequality (cf.
[52]):

Theorem 1.6.1 (Doob’s inequality) Let (X,, F,)n € N, be a non-negative submartin-
gale. Then for every number x > 0, we have

aP (X; = 2) < EXox (X, = @),

where X} = \/ Xj.
k=1

1.7 Maxitive or possibility measures and integra-
tion operators

In another imitation of measure and Lebesgue integral, the so-called maxitive measure
and a corresponding integral were introduced by N. Shilkret (cf. [62]). This led to the
birth of the theory of fuzzy set.

Definition 1.7.1 Let R be a o-ring of subsets of an arbitrary set ). An extended non-
negative real valued function m on R is called a maxitive measure if m (&) =0 and

m (U EZ> = supm (E;)

iel el

for any collection of pairwise disjoint sets {E; : 1 € I} C R, where I denotes an arbitrary
countable index set.

The functional [ f := sup,~,bm (f > b) was defined to replace the Lebesgue integral,
accordingly. -

In [67, 64, 55] the notions of fuzzy sets as well as pseudo-additive and fuzzy measures
were initiated as follows.



Definition 1.7.2 Let (2, F) be measurable space. A set function p: F — [0, 1] is said
to be a fuzzy measure if and only if the conditions here below hold:

(F1) The identity p(2) =0 holds.

(F2) Whenever A, B € F and A C B, then u(A) < u(B).
(F3) Whenever (A,) C F and A, T A, then u(A,) T u(A).
(F4) Whenever (A,) C F and B, | B, then u(B,) | p(B).

A fuzzy integral of a measurable function h : Q — [0, 1] is defined by

(S)/hdu = sup min{z, p({w: h(w) >z})}

z€(0, 1]

and is often called the Sugeno integral.

We need to notice that fuzzy measure is a generalization of both probability and
optimal measures, because they meet the above four axioms.

At times fuzzy measure is defined by the collection of the following axioms:

Definition 1.7.3 Let (2, F) be measurable space. A set function p: F — [0, 1] is said
to be a fuzzy measure if and only if the conditions here below are met simultaneously:

(S1) The identity 11 (@) = 0 holds.
(S2) If A, BE F and A C B = u(A) < u(B).

(S3) If A, BE F and ANB =@, then p(AUB) = max {u (A), u(B)}.
(S4) If (A)) C F and A, 1 A, then 1 (Ay) 1 (A).

In fact, we should note that this form of fuzzy measure inspired the candidate in laying
down the theory of optimal measure.



CHAPTER 11

OPTIMAL MEASURES AND THE STRUCTURE
THEOREM

2.1 Introduction

This section can be seen at the beginning of the work [5].

Definition 2.1.1 A set functionp : F — [0, 1] will be called optimal measure if it satisfies
the following three axioms:

Axiom 1. p(2) =1 and p (@) =0.
Axiom 2. p(BUE) =p(B)V p(E) for all measurable sets B and E.

Axiom 3. p is continuous from above, i.e. whenever (E,) C F is a decreasing sequence,

then p < N En> =lim, o p(E,) = A p(E,).
n=1 n=1

The triple (€2, F, p) will be referred to as an optimal measure space. For all measurable
sets B and C with B C C, the identity

p(C\B) =p(C) —p(B) +min{p(C\B), p(B)} (2)

holds, and especially for all B € F,

p(B)=1-p(B)+min{p(B),p(B)}.
In fact, it is obvious (via Aziom 2.1) that,

p(B)+p(C\B) = max{p(C\B), p(B)} + min{p (C\B), p(B)}
=p(C)+min{p(C\B), p(B)}.

Lemma 2.1.1 Let (B,) C F be any sequence tending increasingly to a measurable set
B, and p an optimal measure. Then lim, ., p(B,) = p(B).

Proof. The lemma will be proved if we show that for some nyg € N, the identity
p(B) = p(B,) holds true whenever n > ng. Assume that for every n € N, p (B) # p(B,),
which is equivalent to p(B,) < p(B), for all n € N. This inequality, however, implies
that p (B) = p(B\B,) for each n € N. But since sequence (B\B,,) tends decreasingly to
@, we must have that p (B) = 0, a contradiction which proves the lemma. =

It is clear that every optimal measure p is monotonic and o-subadditive. We would
like to mention that the following example is essentially due to M. Laczkovich.



Example 2.1.1 Let (2, F) be a measurable space, (w,) C € be a fixed sequence, and
(ay,) C [0, 1] a given sequence tending decreasingly to zero. The function p : F — [0, 1],
defined by

p(B) = max{«a, : w, € B} (3)

18 an optimal measure.
Moreover, if Q = [0, 1] and F is a o-algebra of [0, 1] containing the Borel sets, then every
optimal measure defined on F can be obtained as in (3).

Proof of the moreover part. We first prove that if B € F and p (B) = ¢ > 0, then
there is an x € B which satisfies p ({z}) = ¢. To do this let us show that there exists a
nested sequence of intervals Iy D I; D Iy D ... such that |I,| = 27" and p(BN1I,) = ¢,
for every n € NU{0}. In fact, let Iy = [0, 1]. If [,, has been defined then let I,, = EU H,
where E and H are non-overlapping intervals with |E| = |H| = 27!, Obviously, we may
choose I,,41 = E or H. By the continuity from above we have p (", (BN 1,)) =c¢> 0.
In particular, BN ((,—,1,) # @. This implies that BN (. ~,1,) = {z} and p ({z}) = c.
Fix ¢ > 0. Then the set {z : p({x}) > ¢} is finite. Assume in the contrary that there is
an infinite sequence (x) C [0, 1] such that p ({xx}) > ¢, & € N. Thus denoting By =
{xk, Tpi1, ...}, it is clear that (,—, By = &; but this contradicts the fact that p (By) > c.
Consequently, the set £, = {z : p({x}) > n~'} is finite for all n € N. Hence there is a
sequence (z,,) C [0, 1] such that p ({z,}) | 0 (as n — 00) and every point = € [0, 1] with
p({x}) > 0 is contained in (x,). Therefore, for all B € F, p(B) = max{w, : z, € B}
which is just the above optimal measure. m

Example 2.1.2 Let (2, F) be a measurable space. Clearly, if a function py : F — {0, 1}
is a o-additive measure, then po (B U C) = po (B)+po (C) = max {py (B), po (C)} for all
B and C € F. Hence pg is an optimal measure. One can easily show that py is the only
set function which is at the same time a o-additive and optimal measure.

Remark 2.1.1 The collection M = {B € F :p(B) <p(Q)} is a o-ideal, whenever p is
an optimal measure.

2.2 The structure of optimal measures

To begin with, we note that the present section is entirely composed on the basis of paper

[6].
By a p-atom we mean a measurable set H,p (H) > 0 such that whenever B € F and
B C H, thenp(B)=p(H) or p(B) = 0.

Definition 2.2.1 (Agbeko, [6]) A p-atom H is decomposable if there exists a subatom
B C H such that p(B) = p(H) = p(H\B). If no such subatom exists, we shall say that
H is indecomposable.

Lemma 2.2.1 (Agbeko, [6]) Any atom H can be expressed as the union of finitely
many disjoint indecomposable subatoms of the same optimal measure as H.



Proof. We say that a measurable set E is good if it an be expressed as the union
of finitely many disjoint indecomposable subatoms. Let H be an atom and suppose that
H is not good. Then H is decomposable. Set H = B; U (C}, where B; and C are
disjoint measurable sets with p(B;) = p(Cy) = p(H). Since H is not good, at least
one of the two measurable sets B; and C} is not good; suppose, e.g. that B; is not
good. Then Bj is decomposable. Write B; = By U (5, where By and Cy are disjoint
measurable sets with p (By) = p(Cs) = p(H). Continuing this process for every n € N
we obtain two measurable sets B, and (), such that the C),’s are pairwise disjoint with
p(C,) = p(H). This, however, is impossible since E, = (J,—, Cy tends decreasingly to
the empty set and hence, by Aziom 2.1, p(E,) — p (&) as n — oo, which contradicts
that p(E,) > p(C,) =p(H)>0,neN. m

An immediate consequent of Lemma 2.2.1 is as follows.

Remark 2.2.1 Let H be any indecomposable p-atom and E any measurable set, with
p(E) > 0. Then, either p(H) =p(H\E) and p(HNE) =0, orp(H) =p(HNE) and
p(H\E) =0.

The Structure Theorem (Agbeko, [6]) Let (2, F, p) be an optimal measure space.
Then there exists a collection H (p) = {H, : n € J} of disjoint indecomposable p-atoms,
where J is some countable (i.e. finite or countably infinite) index set, such that for every
measurable set B € F with p(B) > 0 we have

p(B) =max{p(BNH,):neJ}. (4)
Moreover, if J is countably infinite, then the only limit point of the set {p (H,):n € J}
15 0.

(Before we tackle the proof, let us state the following results.)

Lemma 2.2.2 Let E € F be with p(F) >0, and B, € F, B, C E (k € J), where J is
any countable index set. Then

P (UesBr) <p(E) (5)

if and only iof
p(Bk) <p(E) (6)

for all k € J.

Proof. The lemma is obvious if the index set J is finite. Without loss of generality
we may assume that J = N. Suppose that (6) holds for all £ € N. Put C), = U?ZIBJ»,
k € N. It is evident that (Cy) C F, is an increasing sequence and the inequality

p(Cr) <p(E) (7)
holds for all £ € N. Assume that p(E) = p(Up_;Cx). Then via (7) we obtain that
p(E) = p(FEy), where Ej, := (U;’ile> \C%, k € N. This, however, is impossible, since
the sequence (Ejy) C F tends decreasingly to the empty set and thus, by Azioms 2.1 and

2.1, p(Ey) — 0, as k — oo. Hence inequality (5) holds. To end the proof, we just note
that the converse is obvious. m



Lemma 2.2.3 For every sequence (B,) C F and every optimal measure p we have

p (U Bn> =max{p(B,) :n € N} .

The proof is omitted since it immediate from Lemma 2.2.2.

Lemma 2.2.4 FEvery measurable set E € F with p(E) > 0 contains an atom H C E
such that p (FE) =p(H).

Proof. If EF is an atom, there is nothing to be proved. We may assume that £ is not
an atom. Let the set U C F be given:
i. if BeU, then BC Eand 0 < p(B) <p(F),
ii. if B,C el and B# C, then BNC = 2.
Clearly, the collection of all such U, denoted by C, is partially ordered by the set inclusion.
It is also obvious that every subset of C has an upper bound. Therefore, by the Zorn
lemma, it follows that C contains a maximal element, which we shall denote by U*. For
any fixed constant § € (0, 1), let us show that the set

(Beu :p(B)> s}

is finite. In fact, suppose that the contrary holds. Then there exists a sequence (B,,) C

U* which satisfies the inequality p(B,) > 0 for each index n € N. But since the

sequence E, = |J B;, n € N, tends decreasingly to the empty set, we must have
j=n

that p(F,) — 0, as n — oo. This, however, contradicts the inequality p (F,) =

max{p(B;):j=n,n+1, ...} >6, n & N. Hence U* = {By : k € A} with p(By) <

p(FE) for all k € A, where A is a countable index set. By Lemma 2.2.2, it follows that

p (UkeABk) <p(E).

Thus it is obvious that H = E\{J,c B is an atom with p (H) = p (). This completes
the proof of the lemma. =

Lemma 2.2.5 Let H = {H,, : n € J} be as above. Then for every measurable set B € F
with p (B) > 0, the identity(6.4)

P (B\U,es (BN Hy)) =0 (8)

holds.

Proof. Assume that the left side of (8) were positive. Then set B\{J,., (BN Hy,)
would contain an atom K such that K N K,, = @ for every K,, € G*. This, however,
would contradict the maximality of G*, which ends the proof. m

We are now in the position to prove the Structure Theorem.

Proof of the Structure Theorem. Let G be a set of pairwise disjoint atoms. It
is clear that the collection of all such G, denoted by I', is partially ordered by the set
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inclusion and every subset of I" has an upper bound. Then, the Zorn lemma entails that
I' contains a maximal element, which we shall denote by G*. As we have done above, one
can easily verify that the set

{Keg :pK)>n'}

is finite. Hence G* = {K; : j € V}, where V is a countable index set. It is obvious that
p(K;) — 0 as j — oo, whenever V is a countably infinite set. Consequently, it ensues,
via Lemma 2.2.1, that each atom K; € G* can be expressed as the union of finitely many
disjoint indecomposable subatoms of the same optimal measure as K;. Finally, let us
list these indecomposable atoms occurring in the decompositions of the elements of G* as
follows: H = {H,, : n € J}, where J is a countable index set. Now, via Lemma 2.2.3, the
identity (8) and Aziom 2.1, one can easily observe that (4) holds for every set B € F,
with p (B) > 0. It is also obvious that 0 is the only limit point of the set {p (H,,) : n € J}
whenever J is a countably infinite set. This ends the proof of the theorem. m

Definition 2.2.2 The set H (p) = {H, : n € J} of disjoint indecomposable p-atoms (0b-
tained in Theorem 2.2) will be called p-generating countable system:

i) it will be referred to as a p-generating infinite system and denoted by Hoo (p) if J is
countably infinite;

ii) it will be called a p-generating finite system and denoted by Hooo (p) if J is finite.

To end this chapter we need to point out that, as the reader has already noticed it,
we intensively made use of the Zorn lemma which we know is equivalent to the axiom of
choice. In [34] an elementary proof was given to the structure theorem.
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CHAPTER III

CHARACTERIZATION OF SOME PROPERTIES
OF MEASURABLE SETS

3.1 Introduction

Some new information about o-algebras is investigated, consisting of mapping bijectively
o-algebras onto power sets. Such o-algebras, in fact, form a rather broad class. A special
grouping of the optimal measures is used in our investigation. We constructively provide a
bijective mapping that will do. In the proof we first characterize the usual set operations,
the set inclusion relation as well as some asymptotic behaviors of sequences of measurable
sets. Without loss of generality we shall restrict ourselves to infinite o-algebras, since the
opposite case can be easily done.

3.2 Mapping bijectively o-algebras onto power sets

We note that this entire section is drafted from article [8].

Definition 3.2.1 (Agbeko, [8]) We say that an optimal measure p* € Py is of order-
one if there is a unique indecomposable p*-atom H such that p* (H) = 1. (Any such atom
will be referred to as an order-one-atom and the set of all order-one optimal measures will

be denoted by /P\C};)

Example 3.2.1 Fiz a sequence (w,) C Q and define p§ € Ps by

1
pS(B):maX{—:wnGB}.
n

Then pj € /7—3\};

Proof. In fact, via the Structure Theorem, there is an indecomposable p§-atom H
such that pj (H) = 1. This is possible if and only if w; € H. We note that there is no
other indecomposable pi-atom H* with H* N H = () such that p§ (H*) = 1, otherwise
necessarily it would ensue that wy € H*, which is absurd. Therefore, we can conclude

that pj € PL. m

Further notations

If H is the order-one-atom of some p* € 77:};,

we write p = {q* € 75; cq*(H) = 1}.
We then refer to the elements of the class p as representing members of the class, and call
H the unitary atom of the class.

We further denote by PL the set of all p classes.

12



If A is a nonempty measurable set and p € PL | the identity p(A) = 1 (resp. the
inequality p(A) < 1) will simply mean that p*(A) = 1 (resp. p*(A) < 1) for any
representing member p* € p. We shall also write p(A) = 0 to mean that p*(A) = 0
whenever p* € p.

Write V for the set of all unitary atoms on the measurable space (€2, F).

Lemma 3.2.1 Let A, B € F and p € PL be arbitrary. In order that p(AN B) =1 it is
necessary and sufficient that p (A) =1 and p (B) = 1.

Proof. As the necessity is obvious, we only need show the sufficiency. In fact, assume
that p (A) = 1 and p (B) = 1. Let H be the unitary atom of class p, and let p* denote an
arbitrary but fixed representing member in the class. Thus H is an order-one-atom for p*.
Then p* (H) = 1. Clearly, p* (AN H) =1 and p* (BN H) = 1. Hence p* (ZHHHE) =
0. It is enough to prove that both identities p* (A NHN E) =0 and p* (Z NHN B) =0
are valid. In the contrary, assume that at least one of these identities fails to hold:
p* (AHHHE) = 0, say. Then p* (AﬂHﬂE) = 1. Now, since p* (HNB) = 1, it
ensues that either p* (AN HNB) = 1 or p* (ﬁﬂ HnN B) = 1. Then combining each
of these last identities with p* (A NH OE) = 1, we have that p* (A NH OE) =1 and
P (ANHNB) =1, or p* (AHHHE) =1 and p* (ZﬂHﬂB) = 1. This violates that
H is an order-one-atom (because the sets AN H N B, ANHNB and AN HN B are
pairwise disjoint). =

Remark 3.2.1 Let p € PL be arbitrary. Then the identity p (0) = 0 holds (c¢f. Aziom
2.1).

Remark 3.2.2 Let A € F and p € PL be arbitrary. Then the identities p(A) = 1 and
P (A) =1 cannot hold simultaneously, i.e. for no representing member p* of class p the
identities p* (A) = 1 and p* (A) =1 hold at the same time.

In fact, assume the contrary. Then Lemma 3.2.1 would imply that
L=p(A)=p(4)=p(AnA)=p®) =0

which is absurd, indeed.

Definition 3.2.2 (Agbeko, [8]) For any A € F let the set A (A) be described by
1. A(A) CPL.
2. If pe A(A), then p(A) = 1.

Remark 3.2.3 Let A€ F. Then A(A) =0 if and only if A= 0.

Remark 3.2.4 If H is the unitary atom of a class p € P, then A (H) = {p}.

Let A € F and denote by V 4 the set of all unitary atoms H such that p (A) = 1, where
A (H) = {p}. It is clear that V4 N Vg =0 and V4 U Vx = V. From this observation the
following lemma is straightforward.
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Lemma 3.2.2 For every set A € F, we have that A (A) = A (A).
Proposition 3.2.1 Let A, B € F be arbitrary. Then

1. A(Q)="PL.

2. A(ANB)=A(A)NA(B).

3. A(AUB)=A(A)UA (B).

Proof. Part 1 is an easy task. Let us show Part 2. In fact, let p € A(AN B). Then
p(ANB) = 1. Hence Lemma 3.2.1 implies that p(A) = 1 and p(B) = 1, so that p €
A(A) and p € A(B),ie. pe A(A)NA(B). Consequently, A(ANB) C A(A)NA(B).
To show the reverse inclusion, pick an arbitrary p € A(A) N A(B). Then p(A) =1
and p(B) = 1. Via Lemma 3.2.1, we have that p(ANB) = 1,ie. p € A(ANB). So
A(A)NA(B) CA(ANB).

To end the proof, let us show the third part. In fact, let A and B € F be arbitrary.
Then making use of the second part of this proposition it ensues that A (ZOE) =
A (Z) NA (E) By applying Lemma 3.2.2 and the De Morgan identities, we obtain that

A(AUB)=A(AUB)=A(ANnB)=A(A)NA(B)
—~A(A)UA(B)=A(A)UA(B)=A(A)UA(B).

This was to be proven. m

Lemma 3.2.3 Let A and B € F be arbitrary nonempty sets. In order that A C B, it is
necessary and sufficient that A (A) C A (B).

Proof. As the necessity is trivial we need only show the sufficiency. In fact, assume
that A\ B is not an empty set. Then because of Remark 3.2.3, A (A\B) is neither empty.
Fix some p € A (A\B), i.e. p(A\B) = 1. This implies that p(B) < 1. Otherwise we
would obtain via Lemma 3.2.1 that 1 = p((A\B)N B) = p () = 0, which is absurd.
Then p(A) = 1 and p(B) < 1, ie. p € A(A)\A(B). So the set A(A)\A(B) is not
empty. =

Lemma 3.2.4 Let A and B € F be arbitrary nonempty sets. Then for the equality
AN B =1 to hold it is necessary and sufficient that A (A)NA (B) = 0.

(The proof follows from Proposition 3.2.1/2 and Remark 3.2.3.)

Lemma 3.2.5 Let A and B € F be arbitrary nonempty sets. In order that A = B it is
necessary and sufficient that A (A) = A (B).

Proof. As the necessity is trivial we need only show the sufficiency. In fact, assume
that A and B € F are such that A (A) = A(B), i.e. A(A) CA(B) and A(B) C A(A).
By applying twice Lemma 3.2.3 it ensues that A C B and B C A. Therefore, A= 5. =
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Lemma 3.2.6 Let A and B € F be any nonempty sets. Then A (A\B) = A (A)\A (B).
Proof. The conjunction of Proposition 3.2.1/2 and Lemma 3.2.2 entails that
A(A\B)=A(ANB) =A(A)NA(B)
= A(A) N (A(B)) = AAN\A(B),
which completes the proof. m

Proposition 3.2.2 Let (A,) C F and A € F be arbitrary. Then (A,,) converges decreas-
ingly to A if, and only if (A (Ay)) converges decreasingly to A (A).

Proof. Assume that (A,,) converges decreasingly to A. Then by applying repeatedly
Lemma 3.2.3 we have for every n € N that

A(A) CA(A) CA(A).
We need to prove that A (A) = ﬁ A (A,). To do this it will be enough to show that
n=1
n) C

A(A)C N A(A,) and () A(A

n=1 n=1

A (A). In fact, we note that the first inclusion is

trivial. To prove the second inclusion let us pick some p € (| A(A4,). Then p € A (A4,)
n=1

for all n € N. Hence p(A,) = 1 for all n € N. If we fix any representing member p* in
class p we then obtain via Axziom 2.1 that

p*(A)=p" (ﬂ An> =min{p* (A,) :n e N} =1,

implying that p(A) =1, i.e. p € A(A). Consequently, ﬁl A(A,) CA(A).

Conversely, assume that sequence (A (4,,)) convergesidecreasingly to A (A). Then for
every n € N we obtain that A (4) C A(A,41) C A(A,) sothat AC A,,1 CA,,neN

o0

(by Lemma 3.2.3). Hence A C [\ A,. To show the reverse inclusion let us assume that
n=1

set ( N An) \A is not empty. Then via Remark 3.2.3 and Aziom 2.1 there can be found
n=1

some p € PL such that

1y ((fjA) \A> _ (ﬁAan> _min {p" (4, N 7A) in €N},

for every representing member p* of class p, since (A,) is a decreasing sequence. Con-
sequently, 1 = p* (An ﬂA) for all n € N. Hence Lemma 3.2.2 yields that p (A) =1
and p(A4,) = 1 for all n € N. But then p € A(A4,) for all n € N and hence

p € ﬁ A(A,) = A(A). Nevertheless, this is absurd since p € A (A) = A(A). We
n=1

can thus conclude on the validity of the proposition. m
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Proposition 3.2.3 Let (A,) C F and A € F be arbitrary. Then (A,) converges increas-
ingly to A if and only if (A (A,)) converges increasingly to A (A).

Proof. Assume that (A,) converges increasingly to A. Then by applying repeatedly
Lemma 3.2.3 we have for every n € N that

A(A) C A(Appr) C A(A).
We need to prove that A (A) = |J A(A,). To do this it will be enough to show that
n=1

A(A)C UA(A,) and | A(A4,) € A(A). In fact, we note that the second inclusion
n=1 n=1

is trivial. To prove the first one let us pick an arbitrary class p € A(A) and fix any
representing member p* of the class p. Following the proof of Lemma 0.1 (cf. [5], page

134), there can be found a positive integer ng such that 1 = p*(A) = p* | U Ax | =
k=1

p* (A,), whenever n > ngy. Hence p € Ej A(A,) C Ej A (A,), Le.
n=1

n=ng =

ac U amycJam).

Conversely, assume that sequence (A (A,)) converges increasingly to A (A). Then se-

quence (A (An)> converges decreasingly to A (A). Consequently, Lemma 3.2.2 entails

that sequence (A (A_n)) converges decreasingly to A (Z) Taking into account Proposi-
tion 3.2.2, sequence (A,) must converge decreasingly to A. In turn this implies that (4,,)
converges increasingly to A.

Therefore, we can conclude on the validity of the argument. m

Theorem 3.2.1 (Agbeko, [8]) Let (A,) C F and A € F be arbitrary. In order that
(Ay) converge to A it is necessary and sufficient that (A (Ay)) converge to A (A).

Proof. For every counting number n € N write E,, = (| Ay and B, = |J Ag. It is
k=n k=n

clear that sequence (B,,) converges decreasingly to lim supA,, and sequence (E,,) converges

increasingly to liminf A,,. Consequently, by applying Propositions 3.2.2 and 3.2.3 to these

sequences we can conclude on the validity of the theorem. m

Definition 3.2.3 (Agbeko, [8]) A mapping A : F — P(PL) is said to be powering if
it 1s defined by:

[0 if A=)
A ={ et p -1y Faz0

The following result can easily be derived from Lemma 3.2.5 and Remark 3.2.3.

Proposition 3.2.4 If A : F — P(PL) is a powering mapping, then it is an injection.
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Definition 3.2.4 If ' C PL is a nonempty set, then the collection C of all the unitary
atoms of the classes p € I' will be called unitary-atomic (or governing-atomic) collection

of T.

The Postulate of Powering. If I' € P(PL)\ {0} and C denotes the governing-atomic
collection of T', then |JC is measurable and A (|JC) C T

Theorem 3.2.2 (Agbeko, [8]) The powering mapping A : F — P (PL) is surjective if
and only if the postulate of powering is valid.

Proof. Assume that the postulate of powering is valid. Let ' € P (PL) be arbitrarily
fixed. We note that if I' = (), then there is nothing to be proven. Suppose that I is a
nonempty subset of PL . and denote by C its corresponding governing-atomic collection.
Then [JC is measurable and A (|JC) C T' (by the postulate). Let us show that I' C
A (JC). In fact, pick any class p € I and p* any representing member of p, with H the
unitary atom of p. Since H C JC, it ensues from Lemma 3.2.2 that A (H) C A (JO).
But, via Remark 3.2./ we have that {p} = A (H) and thus p € A (|JC),i.e. T C A (JC).
Therefore, I' = A (JC).

To prove the converse of the biconditional, let us assume that the powering mapping A
is a surjection. We note consequently that A is a bijection, since it is also an injection (by
Proposition 3.2.4). Let T' € P (PL)\ {0} be arbitrary and write C for the corresponding
unitary-atomic collection. Obviously, we have that I' = [ J{A (H) : H € C} is a subset of
PL . Then via the bijective property it ensues that A= (T') € F. Clearly, A (H) C T for
every H € C. By Lemma 3.2.3 together with the bijective property, we obtain that

H=A"(A(H) c A™(I)

whenever H € C. Consequently, the inclusion | JC C A~ (T') follows. Now, let us show
that if w € A™' (T), then there is some H € C such that w € H. Assume in the contrary
that there can be found some w; € A~ (T) such that wy; ¢ H for all H € C. We can thus
define an optimal measure ¢* : F — [0, 1] so that

% =1 ifwleB
Q(B){< 1 ifw ¢ B,

see Example 3.2.1. Then there is a unique indecomposable g*-atom (to be denoted by H )
such that ¢* (I:f) = 1. Obviously, w; € H and ¢* (A~ (I')) = 1. We further note that

U{aH) Hec=T=A(A" () ={pePL :p(a"(I)=1}.

From this fact and the identity ¢* (A™' (")) = 1, there must exist some class p; € PL
with pg (A7 (T')) = 1, such that ¢* <ﬁ N HyNA™! (I‘)> =1, where Hy € C is the unitary
atom of class py. Nevertheless, this is possible only if w; € Hy, which is absurd, since

earlier we have supposed that wy ¢ H for all H € C. Therefore, if w € A™! (T'), then there
is some H € C such that w € H. It ensues that w € |JC for all w € A~ ("), as H C |JC
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whenever H € C. Thus A™' (') C |JC. Therefore, |JC = A~ (T), which leads to the
postulate. m

Theorem 3.2.2 entails that an infinite o-algebra is equinumerous with a power set if
and only if Postulate 3.2 is valid. This suggests that every infinite o-algebra is either
equinumerous with an infinite power set or with a non-power set.
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CHAPTER IV

SOME BASIC RESULTS OF OPTIMAL
MEASURES RELATED TO MEASURABLE
FUNCTIONS

4.1 Introduction

In comparison with the mathematical expectation, we shall define a non-linear functional
(first for non-negative measurable simple functions and secondly for non-negative mea-
surable functions) which can provide us with many well-known results in measure theory.
Their proofs are carried out similarly.

4.2 Optimal average

In the whole section we shall be dealing with an arbitrary but fixed optimal measure space
(Q, F, p).
Let

s = Z bix (Bz)
i=1

be an arbitrary non-negative measurable simple function, where
{B;:i=1,...,n} C F is a partition of 2. Then the so-called optimal average of s is
defined by

Definition 4.2.1 The quantity

\ sdp := \n/ bip (B;)

Q =1

will be called optimal average of s, and for £ € F

\ sy (E)dp := \/ bip (E N B;)

as the optimal average of s on E, where x (E) is the indicator function of the measurable
set E. These quantities will be sometimes denoted respectively by I (s) and Ig (s).

It is well-known that in general a measurable simple function has many decompo-
sitions. The question thus arises whether or not the optimal average depends on the
decomposition of the simple function. The following result gives a satisfactory answer to
this question.
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Theorem 4.2.1 (Agbeko, [5]) Let

ZbiX (Bi) and ZCkX (Ck)

i=1 k=1
be two decompositions of a measurable simple function s > 0, where {B; :i =1, ..., n}
and {Cy : k=1,..., m} CF are partitions of Q. Then

max {bp(B;):i=1,...,n}=max{cp(Cy): k=1,..., m}.

m n

Proof. Since B; = |J (B;NCy) and C, = |J (B; N Cy), Aziom 2.1 of optimal mea-
k=1 i=1
sure implies that

p(B;) =max{p(B,NCy):k=1,...,m} and p(Cy) = max{p(B;NCf):i=1,...,n}
Thus
max {cgp (Cx) : k=1, ..., m} = max{max{ctp (B;NCy) :i=1,...,n}:k=1,...,m}
and
max {b;p(B;) :i =1, ..., n} =max{max{bp(B;NCy) k=1, ...,m}:i=1,...,n}.

Clearly, if B; N Cy # &, then b; = ¢, or if B; N Cy = &, then p(B; N Cy) = 0. Thus, by
the associativity and the commutativity, we obtain

max {bp(B;) :i=1,...,n}=max{cp(Cy): k=1,..., m}.
This completes the proof. m

Theorem 4.2.2 Let s and s denote two non-negative measurable simple functions, b €
0, oo] and B € F be arbitrary. Then we have:

1. 1(b1)

(x (B))

b.
( =
(bs) = bl (

2. »(B).
— bl (s).
5(s)=0ifp(B)=0.
I(s)=1Ip(s) ifp(B) =0.

I(s)<I(3)ifs<3on.

I
I
I
I

oW

I(s+3)<I(s)+I(3).

® N o o

I (s) =lim,_ I, (s) whenever (B,) C F tends increasingly to B.
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9. I(sVv3s)=max{l(s), I(3)}.
The proof is omitted because it is based on computation only.

Proposition 4.2.1 Let f > 0 be any bounded measurable function. Then
su sdp = inf \Ed ,
e \ =g\ st
Q Q

where s and s denote non-negative measurable simple functions.

Proof. Let f be a measurable function such that 0 < f < b on €2, where b is some con-
stant. Let B, = (kbn ' < f < (k+1)bn" 1), k=1,..., n. Clearly,{Ey : k=1,...,n} C
F is a partition of ). Define the following measurable simple functions:

Sp=bn"" Z kx (Ey), 3, =0bn"" Z (k+1)x(E).
k=0 k=0
Obviously, s, < f <35,. Then we can easily observe that

sup \ sdp > \ spdp =n"'bmax {kp(E) : k=0, ..., n}
s<f
Q

and

11>1fc Sdp < \Endp: ntbmax {(k+1)p(Ey) : k=0, ..., n}.
S Q )

Hence
0 <inf \ Sdp— sup \ sdp < bn™ L.
s2f s<f
Q

The result follows by letting n — oo in this last inequality. m

Definition 4.2.2 (Agbeko, [5]) The optimal average of a measurable function f is de-
fined by \Q|f\ dp = sup \ sdp, where the supremum s taken over all measurable simple

functions s > 0 for which s < |f|. The optimal average of f on any given measurable set

B is defined by \ |/]dp =\ x(B) fldp.

For convenience reasons at times we shall write A|f| for the optimal average of the
measurable function f.

Proposition 4.2.2 (Agbeko, [5]) Let f > 0 and g > 0 be any measurable simple func-
tions, b € Ry and B € F be arbitrary. Then

1. A(b1) = b.
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2. A(x(B))=p(B).

3. A(bf) =bAf.

4. A(fx(B))=01p(B)=0.
5. Af <Agif f<g.

6. A(f+g) <Af+ Ag.
7. A(fx(B))=Afifp(B)=0.
8. A(max{f, g}) = max{Af, Ag}.

The almost everywhere notion in measure theory also makes sense in optimal measure
theory.

Definition 4.2.3 Let p be an optimal measure. A property is said to hold almost every-
where if the set of elements where it fails to hold is a set of optimal measure zero.

As an immediate consequent of the atomic structural behavior of optimal measures
we can formulate the following.

Remark 4.2.1 (Agbeko, [6]) If a function f : Q — R is measurable, then it is constant
almost everywhere on every indecomposable atom.

Proposition 4.2.3 (Agbeko, [6]) Let p € P and f be any measurable function. Then

\Ifldp=supd \ Ifldpinety.
Q

Hy

where H (p) = {H, : n € J} is a p-generating countable system.

Moreover if A|f| < oo, then \ |f|dp = sup{c, -p(H,) :n € J}, where ¢, = f (w) for
Q

almost all w € H,, n € J.

Proposition 4.2.4 (Optimal Markov inequality, [5]) Let f > 0 be any measurable
function. Then for every number x > 0 we have

zp(f > x) < Af.
Proposition 4.2.5 Let f > 0 be any measurable function and b > 0 be any number.
1. If Af < o0, then f < oo almost everywhere.

2. Af =0 if and only if f =0 almost everywhere.

3. If Af < o0, then f < 0o almost everywhere.
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4. If Af < oo and ﬁ\ fdp > b for all E € F with p(E) > 0, then f > b almost
B

everywhere

5. If Af < o0 and 7 \ fdp < b for all E € F with p(E) > 0, then f < b almost

everywhere.

Proposition 4.2.6 Let f > 0 be any bounded measurable function. Then for every e > 0
there is some 6 > 0 such that \ fdp < & whenever B € F, p(B) <.
B

Proof. By assumption 0 < f < b for some number b > 0. Then Proposition 4.2.2
entails, for the choice 0 < § < b~ !, that \ fdp<bp(B)<db<e. m

In the example below we shall show that Proposition 4.2.6 does not hold for unbounded
measurable functions.
Example 4.2.1 Consider the measurable space (N, F), where F is the power set of N.
Define the set function p : F — [0, 1] by p(B) = FiB It is not difficult to see that

p is an optimal measure. Consider the following measurable function f (w) = w, w € N.
n

Clearly, Af > 1. Let s = > b;x (B;) be a measurable simple function with 0 < s < f.
j=1

1

Denotew; =min B; forj =1, ..., n. Thenp(B;) = — and b; <w;j forallj=1, ..., n.
Wi

Thus I (s) <1, and hence Af < 1. Consequently, Af = 1. On the one hand, there is no

d > 0 such that p (E) < § implies that\ fdp < 1. Indeed, \ fdp =1 for everyw € N,
E w}
and p({w}) — 0 as w — oc.

4.3 The Radon-Nikodym’s type theorem

Definition 4.3.1 (Agbeko, [6]) By a quasi-optimal measure we a set function q : F —
R, satisfying Axioms 2.1-2.1, with the hypothesis q (2) = 1 in Aziom 2.1 being replaced
by the hypothesis 0 < q (£2) < oco.

Proposition 4.3.1 If f > 0 is a bounded measurable function, then the set function
qr : F — Ry,
=\ fan
E

18 a quasi-optimal measure.

Definition 4.3.2 We shall say that a quasi-optimal measure q is absolutely continuous
relative to p (abbreviated ¢ < p) if ¢(B) = 0 whenever p(B) =0, B € F.

Proposition 4.3.2 Let q be a quasi-optimal measure. Then q < p if and only if for
every € > 0 there is some 6 > 0 such that q (B) < € whenever p(B) <, B € F.
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The proof of Proposition 4.53.2 is similarly done as in the case of measure theory.

Lemma 4.3.1 Let q be a quasi-optimal measure and H (p) be a p-generating system. If
q < p, then
H(q) ={H € H(p):q(H) >0}

18 @ g-generating system.

Proof. Let H be an indecomposable p-atom. Suppose that there exists a measurable
set £ C H with ¢ (E) =¢q(H\FE) =q(H) > 0. Since ¢ < p, it must ensue that p (E) > 0
and p (H\FE) > 0, contradicting the fact that H is an indecomposable p-atom. Hence we
can conclude that every indecomposable p-atom is also H be an indecomposable ¢g-atom
whenever ¢ (H) > 0 and observe that

H(g)={HeH(p):q(H) >0} ={Hy €H(p): ke J},

where J* C J is an index set.
Let B be any measurable set with ¢ (B) > 0. Then, via Lemma 2.2.5 and the absolute
continuity property it follows that

q (B\ U (BﬂHk)) =0.
keJ*
Thus ¢ (B) = max{q (BN Hy) : k € J*}.
If J* is a countably infinite set, then Proposition 4.3.2 yields that q (Hy) becomes
arbitrarily small along with p (Hy) as k — oo. This ends the proof. m

Remark 4.3.1 Let p,q € P,H (p) = {H, :n € J} be a p-generating countable system
and f any measurable function. Suppose that ¢ < p and q(H) < p(H) for every H €

H(p). Then\ |f\dq§\ |f| dp, provided that\ |f|dp < 0.
Q Q Q

This remark is immediate from Lemma 4.53.1 and Proposition 4.2.3.

Theorem 4.3.1 (Optimal Radon-Nikodym, [6]) Let ¢ be a quasi-optimal measure
such that ¢ < p. Then there exists a unique measurable function f > 0 such that for
every measurable set B € F,

q(B) = \fdp-

This measurable function, explicitly given in (9), will be called Optimal Radon-

d
Nikodym derivative and denoted by d_q
p

Proof. Let H(p) = {H,:n € J} be a p-generating countable system. Define the
following non-negative measurable function

q (Hn) )
p(Hn)

f:max{ X(Hn):nEJ}. 9)
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Fix an index n € J and let B € F, p(B) > 0. Then Remark 2.2.1 and the absolute
continuity property imply that

q(H,) o0 ifp(BNH,) =0
p (Hn)p (BN Hn) = { q(BNH,), otherwise.

Hence, by a simple calculation, one can observe that

\fdp:max{q(BﬂHn):nG J}.
B

Consequently, Lemma 4.53.1 yields

\fd _ J max{q(BNH,):q(H,) >0,neJ} ifq(B)>0
P 0, otherwise,
B

and thus (9) holds.
Let us show that the decomposition (9) is unique. In fact, there exist two measurable
functions f > 0 and g > 0 satisfying(9). Then for each set B € F, we have:

\fdp = \gdp-
B B

Put £y = (f<g) and Ey = (g < f). Obviously, Fy and Ey € F. If the inequality
p (E1) > 0 should hold, it would follow that

\ gdp = \ fdp < \ gdp,
F1 E Eq

which is impossible. This contradiction yields p (E;) = 0. We can similarly show that
p(FE2) = 0. These last two equalities imply that p (f # ¢g) = 0, i.e. the decomposition (9)
is unique. The theorem is thus proved. m

Let E € F be arbitrarily fixed with p (F) > 0. Consider the set function p* : F —
[0, 1] , defined by

. p(BNE)
pr(B) =22
(8) p(E)
. Clearly, p* is an optimal measure and p* < p. It is evident that
dp* _ x(E)
dp  p(E)

almost everywhere (by the optimal Radon-Nikodym theorem).

Definition 4.3.3 The above set function p* (B) will be called conditional optimal measure
of B given E, and will be denoted by p (B|FE).
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Definition 4.3.4 Let f be any measurable function with A|f| < oo and E € F, with
p(E) > 0. The conditional optimal average of f given E is defined by

 (1f112) \|f!dp

Lemma 4.3.2 Let f be any measurable function with A |f| < oo and E € F, withp (E) >
0. Then

A, (F11) \ 7l dp.

4.4 The Fubini’s type theorem

Let (4, Fi, pi), i = 1, 2, be two optimal measure spaces and let us denote the smallest
o-algebra containing fl X Fo by § 1= o (Fy x F). For each w; € Q; (i = 1,2), w
define wy cross-section and wq cross-section by E,, = {w € Qs : (w1, w) € £} and E¥? =
{we (v, wy) € E}, where E € S.

Definition 4.4.1 Let f be any measurable function defined on (2 x Qa, S). For each
w1 € 1 and wq € §y, the functions

1. fu, : Qs = RU{—00, oo} defined by f., (w2) = f (w1, wa) ,

respectively
2. fu, : 2 = RU{—00, 0o} defined by f., (w1) = f (w1, wa) ,
will be called wy-section, respectively wo-section of function f.

Theorem 4.4.1 For every B € S, define the functions
mg : Q — [0, 00] by mg (w1) = pa (Ey,)

and
m¥ : Qy — [0, 0o] by m¥ (wy) = py (E*2).
Then

1. mpg 18 Fi-measurable.

2. 18 Fo-measurable.

3. \ mpdp, = mEdp2-

Qo

Furthermore define the function py X ps : S — [0, 1] by

p1 X pe (F) = \ medp; = \ mEdpg.

Then p1 X ps is an optimal measure such that
p1 X pa (B X D) =p(B) p2(D),
forall Be F, and D € F,.
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Proof. Let S denote the collection of all E € S for which properties 1.-3. of the
theorem hold. It is enough to prove that S is a o-algebra containing S. The proof is as
in the classical case (cf. [37]) except the following claim:

Forall Ey and E,€ S, E=FE,UE, € S.

In fact, by definition and Aziom 2.1 we can easily observe that

mp (w1) = max {mg, (w1), mg, (wi)}

m” (wy) = max {m™ (ws), m"™ (wy) } .

\ mpedp; = max \ mp,dp; , \ mp,dp; p = max \ mEldpg, \ mEdeQ
Ql 92 QQ

1951
Qo

Hence E = EyUFE, € S, since obviously mg (resp. m¥) is -F; (resp. -F,) measurable,
ending the proof. m

Theorem 4.4.2 (Optimal Fubini, [5]) Let (1, Fi, p1) and (Qg, Fa, pa) be two opti-
mal measure spaces and let f : 2y x Qy — RU{—00, 0o} be any measurable function such

that\ |f| dp < oco. Then,
QlXQQ

1. The wy-section | f,,] : Q2 — [0, 00| is such that \ | fu, | dpa < 00 almost every-
Qo

where on Q. The function ¢ : Q; — [0, oo, defined by ¢ (wy) = \ | fur| dpa, is
Qo

such that \ wdp; < 0.
1951

2. The wa-section | f,,| : Q1 — [0, 00| is such that \ | fue| dp1 < 00 almost every-

Q1

where on Qq. The function ¥ : Qs — [0, 0ol , defined by ¥ (wq) = \ | fus| dp1, is
Q1

such that \ Ydps < 00.

Qo

3. Furthermore,

\ dwox = \ |\ iflde | am=\ [\ I71dm: ) i

Q1 %09 01 Qg Qo Q1

We shall not prove the optimal Fubini theorem. Instead, we simply note that the
proof follows from Theorem /./.1 using the same techniques as in the proof of the original
Fubini theorem, cf. [37].
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CHAPTER V

CONVERGENCE THEOREMS RELATED TO
MEASURABLE FUNCTIONS

5.1 Introduction

Definition 5.1.1 Let X be an arbitrary nonempty set. We say that a sequence of real-
valued functions (hy,) converges to a real-valued function h:

i. discretely if for every x € X there exists a positive integer ng (x) such that h, (z) =
h(x), whenever n > ng (z);

ii. equally if there is a sequence (by,) of positive numbers tending to 0 and for every
x € X there can be found an index ng (x) such that |h, (x) — h(z)| < b, whenever
n > ng (z).

For more about these notions, see [27, 28, 29].

In this section we shall characterize the discrete, equally, pointwise and uniformly
convergence theorems. We can say that the notions of the pointwise and uniformly con-
vergence is ancient.

5.2 C(Convergence with respect to individual optimal
measures

In the present section we shall be dealing with an arbitrarily fixed optimal measure space
(Q, F, p), unless otherwise stated.

The following three results are the counterparts of the monotone convergence theorem,
the Fatou lemma and the dominated convergence theorem in measure theory.

Theorem 5.2.1 (Optimal monotone convergence, [5])

1. If (fn) is an increasing sequence of non-negative measurable functions, then
lim fndp = \ (hm fn) dp.
Q Q

2. If (gn) is a decreasing sequence of non-negative measurable functions with g; < b for
some b € (0, 00), then

lim gndp = \ ( lim gn) dp.
Q Q
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We shall here below give an example showing the reason why the optimal monotone
convergence theorem fails to hold for all decreasing sequences of measurable functions.

Example 5.2.1 Let (N, F, p) be the optimal measure space we considered in Ezample
4.2.1. Define the following measurable function

gn(w)Z{

Obviously, (g,) tends decreasingly to zero as n — oo. Let us show that Ag, = 1 for all
n € N Obviously, Ag, > np({n}) = 1. On the other hand, let 0 < s < g, where

1
s = ijx( ;). Denote w; = minBj for j =1, ..., k. Then p(Bj) = — and b; < w;
Wi
for all j =1,..., k. Hence inequality bjp (B;) < 1 holds for each index j =1, ..., k.
Consequently, I( ) <1,0<s<g, Thus Ag, <1 whenever n € N.

0 ifw<n
w ifw>n.

Lemma 5.2.1 (Optimal Fatou, [5]) If (f,) and (h,) are sequences of non-negative
measurable functions, then for every optimal measure p, we have that:

1. \ hmlnffn dp < hmlnf \andp;

n—oo

2. lim sup\ hpdp < \ (lim suphn> dp, whenever (hy,) is a uniformly bounded se-
Q

n—oo n—oo

quence.
Proof. To prove the first part, we point out by definition that

liminf f, = max {min {f; : K > n}:n € N}.

n—oo

n

Let ff = min{fx:k>n}, n € N, and f = liminf f,. Clearly, (f) is an increasing

sequence. The optimal monotone convergence theorem implies that

A (hm inf fn) < liminfAf,

n—o0

To end the proof we note that the second part can be similarly verified. m

Theorem 5.2.2 Let (f,) be a uniformly bounded sequence of non-negative measurable
functions. Then A (lim,_ f,) = Af, where lim,_. f, = f almost everywhere.

Proof. The optimal Fatou lemma via the assumption implies that

A (hm 1nffn) < hm mfAfn <limsupAf, < A (lim supfn) .

n—00 n—00 n—0o00

By assumption f = hm 1nf fn = limsupf, almost everywhere. Consequently,

n—oo

n—oo

Af <liminfAf, < A (limsupfn) < Af

meaning that lim, .., Af, = Af. This was to be proven. m
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Lemma 5.2.2 Let w € Q be fivred. Then for every measurable function f, we have that

zf (po) = f ().

k
Proof. Let 0 < s = > b;x (B;) be a measurable simple function. Then it is obvious
i=1
that zs (p,) = s (w). Let (s,) be a sequence of non-negative measurable simple functions

tending increasingly to |f|. Then by Theorem 5.2.1 it ensues that
zr (po) = ngrc{lozsn (po) = ngrgosn (W) =|f (w)]

which was to be proved. =

5.3 Characterization of various types of convergence
for measurable functions
We say that a nonempty measurable set E is closely related to some sequence (w,,) C Q if

oo, if |E| =00

|Eﬁ{wn:n€N}|={ B, if |E| < %

that is, if £ is infinite, then infinitely many members of the sequence belong to E, other-
wise all of its elements are members of the sequence.

Definition 5.3.1 Let E be closely related to a sequence (w,) C 2, and let (cv,) C [0, 1] be
any fized sequence tending decreasingly to 0. The optimal measure pg : F — [0, 1], defined
by pe (B) = max{«, : w, € B}, will be called 1st-type E-dependent optimal measure.

Theorem 5.3.1 (Agbeko, [7]) Let f and f,, (n € N) be any measurable functions. Then
(fn) tends to f uniformly if and only if (z,) tends to 0 uniformly on P, where z, (p) =

|fu — fldp withn € N, p € P.
9)

Proof. Sufficiency. Suppose that (z,) tends to 0 uniformly. To prove the sufficiency
it is enough to show that for every number b > 0, there can be found some ng (b) € N
such that (|f — f.| > b) = 0 whenever n > ng(b) + 1. In fact, let us assume that the
contrary holds. Then for some by > 0 and all ng € N, there is an integer m > ngy such
that (|f — fi| > bo) # (). Define

ny =min{m > ny : (|f — fi| = bo) # 0}

when ng = 1. If n, has been selected, define

Mss = min {m > ng < (|f = ful > bo) # 0}

when ng = ng. It is clear that sequence (ny) tends increasingly to infinity alongside with
k, so that (|f — fu.| > bo) # 0, k € N. Then by assumption some n,, € {n,:k €N}
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exists such that z,, (p) < by, for all & > m and p € Ps. Now let E,, = |J By,
k=m
(where B,, = (|f — fu.| > bo), k € N). Write H,,, = B,,, and for £ > m + 1, set

k k-1
H, =(UBy|\| U an>. Clearly, H = {H,, : k > m} is a sequence of pairwise
j=m j=m

o
disjoint measurable sets with E,, = |J H,,. Fix a sequence (wy) € Q so that wy € H,,

k=m
whenever £k > m. Next, let pg € Py be a lst-type FE,,-dependent optimal measure
defined by pg (B) = n,, - max {n—lk Cwy € B}. It is obvious that H is a po-generating

system. Hence we have on one hand that z,,, (py) < bo. Nevertheless on the other hand

we also obtain that z,, (po) > \ | fr,, — [l dpo > b, since pg (H,,,,) = 1. As these last
H

two inequalities contradict each otrﬁrér, the sufficiency is thus proved.

Necessity. Assume that f, — f uniformly, as n — oo. Then for every b € (0, 00), there
is some ng (b) € N such that (|f, — f| < 3) = Q whenever n > ng (b). Consequently, for
every p € P, it ensues that z, (p) < % < b, n > ng(b). This completes the proof of the
theorem. m

Lemma 5.3.1 Let f and f, (n € N) be any measurable functions. If (f,) tends to f
pointwise (equally or discretely), then limsupB,, = (), where B, = (|f, — f| = o), n € N.

n— oo

Proof. It is enough to prove the lemma for the pointwise convergence, since the
proof of the remaining cases is similarly done. Assume that E := limsupB,, # (). Let us

pick an arbitrary w € E. Then it is clair that limsup|f, (w) — f (w)| = oo and hence

A V |fj (w) — f(w)] = oo for every k € N. But since (f,,) tends to f pointwise we must
n=k j=n

have that for every constant b > 0 there is a positive integer mg = my (b, w) such that
|fn (W) — f (w)| < b whenever n > my. Hence b > A '\ |f; (w) — f (w)| = oo, which is

n=mo j=n

absurd, completing the proof. m

Theorem 5.3.2 (Agbeko, [7]) Let (f,) be any sequence of measurable functions. Then
(fn) tends to a measurable function f pointwise if and only if (z,) tends to 0 pointwise
on P &, where for every n € N, z, is defined on P- o by

W)=\ 1fo fldp
Q

Proof. Sufficiency. Assume that for all b > 0 and p € P, there is a positive
integer ng = nyg (b, p) such that z, (p) < b whenever n > ng. Then since for every fixed
w € Q the w-concentrated measure p, depends solely upon w € €, index nq (b, p.,) also
depends on w. Hence via Lemma 5.2.2 we have for all n > ng (b, w) = ng (b, p,,) that

|fo (W) = [ ()] = 2 (p) <D.

Necessity. Suppose that for all @ > 0 and w € €2, there can be found some positive integer
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my = mg (a, w) such that |f, (w) — f (w)| < a, whenever n > mg. Assume further that
there is some b > 0 and some p € P, such that for every n € N, there exists some m > n
with the property that z, (p) > b. Let Hy,..., Hy be a p-generating system. Via Lemma
5.3.1, there is some ng € N, big enough so that f,, — f is finite on €2 whenever n > ny.

Then for every n > ng, a measurable set AY exists with AY ¢ H; and p (A,(f)> =0
such that f,, — f is constant on HZ-\Agf), i=1, ..., k (because of Remark 4.2.1). Clearly,

p( U Aéi)> = 0, so that the identity p (HZ\ U A;“) = p(H;) holds. Hence f, — f

Jj=no Jj=no
is constant on H;\ | Ay) whenever i € {1, ..., k} and n > ng. Fix w; € H;\ U Ay),
J=no j=no
i € {1, ..., k}. Then by assumption there must be some positive integer k;(()z) = ko (b, wy)

. k .
such that | f, (w;) — f (w;)] < b, n > k). Thus for all n > ko (where ko = \/ k), we have
=1

k
that \/ |fn (wi) — f (w;)] < b. Now write k* = max (ko, ng). Then some integer m > k*
i=1

exists such that z,, (p) > b. Therefore, via Proposition 4.2.3 and Remark 4.2.1, we obtain

that
k

k k
b< zm(p) =\ p(H) < \/Ci:\/|fm(wi>_f<wi)| <b

=1

where for ¢ € {1, ..., k}, ¢; = |fm(w) — f(w)| if w € H\ U A;i). However, this is
Jj=no
absurd, a contradiction which ends the proof of the theorem. m

Theorem 5.3.3 (Agbeko, [7]) A sequence of measurable functions (f,) converges to
some measurable function f equally if and only if (z,) converges to 0 equally on P- .,

where for every n € N, z, is defined on P< o by z, (p) = \ |fn — fldp.
Q

Proof. Necessity. Suppose that there exists a sequence (b,) C (0, oo) tending to 0 and
for every w € 2 there can be found a positive integer ng (w) such that | f, (w) — f (w)] < by,
for all n > ng (w). It is enough to show that the equal convergence of (z,) holds true for
this sequence (b,). In fact, assume that for this sequence (b,), there is some p € P
such that for all j € N an integer m = m (p) > j can be found with the property that
Zm (p) > by, Let Hy, ..., Hy be a p-generating system. Via Lemma 5.3.1, there is some
no € N, big enough so that f, — f is finite on  whenever n > ng. Then for every

n > ng, a measurable set A exists with AP ¢ H; and p (Agf)) = 0 such that f,, — f is

constant on HZ-\A%), 1=1,..., k. Butasp ( U A;i)> = 0, we can easily observe that

Jj=no

D <Hl\ U Ag»i)> =p(H;),i€{1, ..., k}. Hence f,— f is constant on H;\ |J Ag-i) for all

Jj=no j=no

ie{l,...,k}and n > ny. Fixw;, € H;\ AW G e {1, ..., k}. Then by assumption

. 77
J=no
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there must be some positive integer k:(()i) = ko (w;) such that |f, (w;) — f ()| < bp, n >
k

. k )
k:(()z). Thus for all n > ko (where ko = \/ k(()l)), we have that \/ |f, (w;) — f (wi)| < bn.
=1 =1

Consequently, we have on one hand that z,, (p) > b,,. But on the other hand, Proposition

4.2.3 yields that

k k

an () =\ ci-p(H,) < \/CiZ\/!fm(Wi)—f(wi)\ <bm

=1

(where for i € {1,...,k}, ¢; = |fm(w)— f(w)] f w € H\ U Ay)), meaning that
Jj=no
by < by, which is however absurd. This contradiction concludes the proof of the necessity.

Sufficiency. Assume that there is a sequence (b,) of positive numbers tending to 0 and for
every p € P, there exists a positive integer ng (p) such that z, (p) < b, whenever n >
no (p). Then for each fixed w € Q, Lemma 5.2.2 entails that | f, (w) — f (w)| = zn (py) < by
whenever n > ng (p,) = no (w). The sufficiency is thus proved, which completes the proof
of the theorem. m

Theorem 5.3.4 (Agbeko, [7]) A sequence of measurable functions (f,) converges to
some measurable function f discretely if and only if (z2,) converges to 0 discretely on

P w0, where for every n € N, z, is defined on P<» by z, (p) = \ |fn — fldp.
Q

The proof for Theorem 5.5.4 is omitted because it can be carried out "mutatis mu-
tandis” as done in Theorems 5.3.2 and 5.3.35.

Definition 5.3.2 A sequence of measurable functions (f,) is said to converge in optimal
measure to some measurable function f if lim, oo p (|fn — f| =€) =0 for every constant
e>0.

Theorem 5.3.5 (Agbeko, [5]) Let (f,) be a sequence of measurable functions (f,,) which
converges in optimal measure to some measurable function f. Then there exists a subse-
quence (f,,) which converges to f almost everywhere.

5.4 Characterization of various types of bounded-
ness

Remark 5.4.1 If (x,) is a sequence of real numbers such that limsup |x,| < oo, then for

each of its subsequences (x,,) we have that lillgn sup |z, | < oco. o

Notice. For every fixed measurable function f, the mapping z; : P — [0, oo, defined

by zf(p) = \Q|f| dp, is a function.

Lemma 5.4.1 Let w € Q be fixred. Then for every measurable function f, we have that

25 (po) = f ().
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k
Proof. Let 0 < s = > b;x (B;) be a measurable simple function. Then it is obvious
=1

that 2z (pw) = s (w). Let (_sn) be a sequence of non-negative measurable simple functions
tending increasingly to |f|. Then by Theorem B it ensues that

zf (Po) = nglglozsn (po) = ngrgosn (w) = [f ()]
which was to be proved. m

Theorem 5.4.1 (Agbeko, [7]) Let f be any measurable function the following asser-
tions are equivalent.

1. f is bounded.

2. lim |fldp =0 for all p € P.

T M f1ze)
3. There exists a constant b > 0 such that \ |f|dp # b for all p € Py.
Q

The proof will be carried out in two steps. In Proposition 5.4.1 we shall show the
equivalence 1. <= 2. and then the equivalence |1. <= 3. in Proposition 5.4.2.

Proposition 5.4.1 A measurable function f is bounded if and only if

lim \ Ifldp=0

(1f1z=)
for all p € Pu.

Proof. Suppose that f is bounded, and write b > 0 for its bound. Then for every

pEPOO,Wehavethat\ \fldp <b-p(|f| >2) — 0, as  — cc.
(1f1=z=)

Conversely, assume that klim \ |f|dp =0 for all p € P, but for every n € N we
0 M| f1=k)

have that (|f| > n — 1) # 0. It obviously ensues that

(Iflzn=D\(fl =n)=H, #0

for infinitely many n € N. Suppose without loss of generality that H, # (), n € N.
Further let (w,) C ©Q be such that w, € H, for all n € N. Define p € Py, by p(B) =
max {% fwy € B}. Clearly, (H,) is a generating system for p. Then by assumption it

follows that lim \ |fldp = 0. Now note that (|f| > k) = |J H; for all k € N.
k=00 M| f|=k) i=k+1

Hence Proposition 4.3.2 entails that \ |fldp = sup |f|dp. It is not difficult to
(|f1=>k) i>k+1 “H;

1
check that \ |fldp > 1—=,i> k+1. Consequently, it results that \ |fldp > 1—
H; L (1f1=k)
1

—— (k € N), leading to 0 = lim |f| dp > 1, which is absurd. This contradiction
k+1 koo bizk)

concludes on the validity of the sufficiency, ending the proof. m
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Proposition 5.4.2 Let f be a finite measurable function. Then f is unbounded if and
only if for every constant ¢ > 0, there exists some p. € Po Such that

zf (pc) = C (1())

Proof. Necessity. Assume that f is unbounded measurable function. For every
n €N, write £, = (¢- (n—1) < |f| < ¢-n), where ¢ > 0 is an arbitrarily fixed constant.
Clearly, the members of the sequence (FE,) are pairwise disjoint and Q = |J E,. Fix

n=1

a sequence (w,) C € in the following way: w, € FE,, n € N. Define p. € P, by
1

pe (B) = max {— fwy, € B}. It is obvious that sequence (E,) is a p.-generating system
n

1
such that zf(p.) = sgll)\ | f| dpe, because of Proposition 4.3.2. But as <1 - ﬁ) c <
n> En
\ |fldp. < ¢ (for all n € N), it ensues that ¢ = sup\ |fldpe = zf (pe).
En n>l ‘“E,

Sufficiency. Suppose that for every constant ¢ > 0, identity (10) holds with a suitable
p € Po. Assume that f is bounded (and denote by b its bound). Now let ¢ > b be any
fixed constant with a corresponding p. € Py, satisfy (10). Then we trivially obtain that
Zf (p.) < b. Hence we must have that ¢ < b, which is in contradiction with the choice of
c. This absurdity allows us to conclude on the validity of the proposition. m

Lemma 5.4.2 Letp € P, and (B,,) be a sequence of measurable sets tending increasingly
to a measurable set B # 0. Then there exists some ny € N such that p(B) = p(By,)
whenever n > ng.

The proof given to Lemma 0.1, [5], is also valid for Lemma 5.4.2, so we shall omit it.
We shall next give a set of measurable functions, including the uniformly bounded
ones, which we shall proceed to characterize latter on.

Definition 5.4.1 We say that a sequence of measurable functions (f,) is uniformly bounded
starting from an index if there can be found a real number b > 0 and some positive integer
ng such that (f, >b) = 0 for all integers n > ng. (We shall simply say that (f,) is
i~uniformly bounded.)

The following two results are just the extensions of Theorem 5.2.1 and Lemma 5.2.1.
We shall omit their proofs as they can be similarly carried out.

Lemma 5.4.3 Let (g,) be a decreasing sequence of non-negative measurable functions
and lim g, = g such that (g, < b) = Q for some m > 1 and some constant b > 0. Then

n—oo

forallp € P
lim gndp = \ gdp.
Q

n—00
Q
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Lemma 5.4.4 Let (f,) be an i-uniformly bounded sequence of non-negative measurable
functions. Then for every p € P

lim sup \fndp < \ (lim Supfn> dp.

Theorem 5.4.2 (Agbeko, [7]) Let (f,) be an arbitrary sequence of measurable func-
tions. Then

1. Sequence (f,) is i-uniformly bounded, if and only if the following two assertions hold
simultaneously:

2. 27 (p) < ¢ for some constant ¢ > 0 and all p € Po ;

3. limsupz, (p) < z¢ (p), for all p € Py (where f = limsup|f,| and z, (p) = \ | fn] dp
Q

n— oo n— o0

withn € N, p € Py).

Proof. Necessity. We just note that the implication 7.— 2. is obvious and on the
other hand the implication 7.— 3. is no more than Lemma 5.4.4.
Sufficiency. Assume that assertions 2. and 3. hold simultaneously. Let us suppose
further that assertion 1. is false, i.e. for every real number b > 0 and any posi-
tive integer ng there is some integer m > ng such that (|f,,| >b) # 0. Then we can
choose by recurrence a sequence (ng) of positive integers as follows. Write ny; = 1
and ny = min{m >ny : (|fn]| >n1) #0}. If ny has been defined, then write ng ., =
min {m > ng : (|| > k- ng) # 0 }. Clearly, the sequence (ny,) tends increasingly to infin-

o0

ity and for all positive integers k € N, (|fnk+1‘ > k- nk) # (. Now set E = |J B,,, where
k=1

k k—1

Bu, = (|fapss| > k1), k € N. Write H; = B,,,, and Hj, = (U Bn].> \ (U an),
j=1 j=1

k > 2. It is obvious that (Hj) is a sequence of pairwise disjoint measurable sets with

E = |J Hy. Let p € Py be a Ist-type E-dependent optimal measure defined by p (B) =
k=1

max {1 : wy € B}, where (wy,) C Q is a fixed sequence so that wy € Hy, (k € N). It is clear

that H (p) = {Hy : k € N} is a p-generating system. Then via assertions 2. and 3. we have

that ¢ > \ (lim sup |fn|) dp > lim sup\ |fu| dp and hence b > lim sup\ |fnk+1} dp for
Q Q Q

n — oo n — oo k— oo
1
some b > 0 (this is true because of Remark 5.4.1). Consequently, as p (Hy) = T for every

k € N, we must have

b > lim sup \‘fnkﬂwp:limsup \ |fnk+1‘dp2hmsup \ }fnkﬂ‘dp
o k— oo E k— oo H,

k— oo

> limsupk - ng - p (Hy) = o0,

k— oo

which is absurd. This contradiction justifies the validity of the argument. m
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5.5 Banach spaces induced by optimal measures

Throughout this section we shall be dealing with an arbitrary but fixed optimal measure
space (§2, F, p).

Let f:Q — RU{—00, oo} be any measurable function. We shall say that f belongs
to:
1. A*if p(|f] < b) =1 for some constant b € (0, c0).

2. A* if\ﬁ]f]adp < 00, a € [1, 00).
For any « € [1, oo], the space A, (p) endowed with the norm ||-|| ,, defined by

inf {b € (0, 00) :p(|f] <b)=1}, if fe Ao (p), a =00

1 4o = A
a\ﬁmadp’ if feAa(p), a€ll, )

As in the case of LP-spaces in measure theory, it can be similarly seen that |||, is a
semi-norm.

Lemma 5.5.1 1. A|fg| < ||fl| 4o llg]| 4o whenever f € A' and g € A>.

2. Leta and 3 € (1, 00) be such that ™' + 7. Then A|fg| < |||l 4o |9l 45 (called
the optimal Hélder inequality), whenever f € A® and g € AP.

feA* and g € A%, with a € [1, o).

3. [+ 9llae < Ifllse + 9]l 4o (called the optimal Minkowski inequality) whenever

Definition 5.5.1 Let (f,) C A%, a € [1, 00|, be any sequence of measurable functions.

1. We say that (f,) is a Cauchy sequence in A if for every number ¢ € (0, 1) there
is some index ng := ng (¢) such that || fr, — fm|| 4o < &, whenever n, m > ny.

2. We say that (f,) converges to a measurable function f in A*-norm if for every
number € € (0, 1) there is some index ng := ng (¢) such that ||f, — f|| 4o — 0 as
n — oo.

Remark 5.5.1 For every number a € (1, 0o), we have A C A* C A

Theorem 5.5.1 (Agbeko, [5]) For each number o € [1, oc], A% is a Banach space
(i.e. every Cauchy sequence in A* converges to a measurable function in A*-norm).
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CHAPTER VI

SOME MAXIMAL INEQUALITIES RELATED
WITH PROBABILITY MEASURE

6.1 Introduction

Some notations.

* V:= the set of all non-negative increasing function.

* Ag:= the set of all convex Young functions that satisfy the growth condition.
* Veone:= the set of all concave Young functions.

* A:= the set of all convex functions.

In the whole chapter we shall be dealing with an arbitrary probability space (€2, F, P).
Let ® be a convexr Young function, i.e.

xT

@(m):/go(t)dt,meR+,

where ¢ : (0, 00) — (0, 00) is a right-continuous and increasing function such that ¢ (0) >
0 and ¢ (00) = co. We say that ® satisfies the growth condition if

O (2x) < P (z) for all z € Ry, (11)

where ¢ is a positive constant. For more about convex Young function, see [40].

It is also interesting to remind some facts about the so-called the conjugate Young
functions, which can be defined as follows:

For t € (0, 0c0) put 7 (t) := sup{z >0:¢(z) <t} and let v(0) = 0. It can be
easily checked that ~ satisfies all the conditions imposed on ¢ and we trivially have
(e (z)) <z <v(p(z)+0), whenever x € (0, 0o).

The convex Young function

I () = /Oxv(t)dt, 2 €0, 00),

is said to be conjugate to ® and the pair (@, I') is referred to as mutually conjugate convex
Young functions.
The pair (@, I') of mutually conjugate convex Young functions satisfies the following
Young inequality
zy < ¢ (z)+ T'(y)

for all z, y € [0, o), and the equality holds if and only if y € [¢(z), ¢ (x +0)] or
z€[y(y),vy+0)
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The quantity ¢ := limsup,_, %(m)) is called the power of I', where I' is a convex
x
Young function.

Mogyorddi J. and Méri T. F. in [46] obtained the following nice result:

Theorem 6.1.1 Let (P, ') be a pair of mutually conjugate convexr Young functions. In
order that the power q of I' be finite it is necessary and sufficient that the condition

xT

B = liglsogp ﬁ/%ﬂdt < 00 (12)

should hold true.

A function ¥ : Ry — R, is called a concave Young function if for all z > 0 it is
defined by

m):/;w)dt,

where ¥ (0) =0 and ¢ : (0, co) — (0, 00) is a decreasing right-continuous such that v is
integrable on every finite interval (0, x). All along we assume that ¥ (co) = co. For more
about concave Young-functions see [49], say).

We note that if U is a concave Young-function, then the following assertions are
immediate:

1. bV is also a concave Young function for all positive constant b;

V()

T

2. is a decreasing function on the interval (0, co).

3. For all z € R, and every constant ¢ € (1, co) we have

U (cx) < c¥(z). (13)

6.2 Moment inequalities for the maximum cumula-
tive sums

Let Xy, ..., X, be arbitrary random variables. Denote

J n J
k=1 k=1

k=i

The aim of this section is to extend Billingsley’s (cf. [19])] Longnecker and Serfling’s
(cf. [42]), Moricz’ (cf. [50]) and Serfling’s (cf. [61]) results to convex and concave Young
functions, respectively. In doing so we obtain new bounds in the inequalities involved
which are easier to be handled and got an improvement for the maximizing constant in
[42], Theorem
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Theorem 6.2.1 (Agbeko, [4]) Let Xy, ..., X, be arbitrary random variables.

Part A.
i. If ® € Ay and G € V such that
E® (15, 51) <G (g (i, j)),
for all 1 < i < j <mn, where g is a positive function satisfying either
9@, ) +g(+1 k) <g( k)
whenever 1 < k <mn, or

9(,j) _j—i+1
g(l,n) = n

foralll <i<j<n, then

where ¢ satisfies (11).
ii. If® € Ay and G € VN A such that (14) holds, then
E® (My) < c{G(0)+2G (9(1, n))},
where ¢ satisfies (11).
Part B. If € YVeone and G € V such that (14) holds, then

E® (M,) <5G(g(1,n)).

(18)

(19)

Following the approach of [42] Theorem 6.2.1 can be easily derived from two lemmas below.

Lemma 6.2.1 Let the non-negative function g (i, j) satisfy either (15) or (16). Then

there exist non-negative constants uy, ..., u, such that
g(1,n)= Zuk (20)
k=1
and whenever 1 < i < j <n,
J
k=i
For the proof, see [42].
Lemma 6.2.2 Let Xy, ..., X, be arbitrary random variables, ® and G be any functions.

Part A.
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i.) If ® € Ay and G € V such that

foralll <i<j<n, then

E® (M,) < 3cG (i uk> : (23)

where ¢ satisfies (11).

ii. If® € Ay and G € VN A are such that (22) holds, then

E® (M,) < ¢ {G (0) + 2G (Zn: uk> } , (24)

where ¢ satisfies (11).

Part B. If ® € Veone and G € V are such that (22) holds, then

E® (M,) < 5G (zn: uk> . (25)

Proof. The proof is similar to that of Lemma 2 in [42]. In fact, the lemma is
obvious for the case n = 1. Make the induction hypothesis that the lemma has been
established for all counting numbers n satisfying 1 < n < N. Let us show that the
lemma is also valid for n = N. To this end put v = u; + ...+ uy and define the integer

m::min{k:ggul—l—...—l— uk} Then

UL+ ...+ um_1§

Upt1+ ..+ uy <

2 (26)
2

Define

m—1

N
Ly =My = \/ |S| and Ly:= \/ |k — Sul.
k=0 k=m

We obviously have that on the one hand |S,,| < L; for 1 <n < m—1, and |S,,| < | S|+ L2
for m < n < N on the other.
Part A/(i). It is obvious that ® (My) < @ (Ly) + ® (La + |Sim|). Inequality (11)
implies that
& (My) < @ (L) + [ (L) + (1S,

Thus,
E® (My) < (1Ve){EP (L) + E® (La) + E® ([Sm|)} - (27)
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By (22) and (26), the induction hypothesis and the monotonicity of G, we obtain that
Ed(My)<3(1Ve)G(u). (28)
Similarly, applying twice inequality (11) we observe that

<
< (V) {®(L1)+ P (La) + P (|Sml)} -

Thus, recalling (22), (26), the induction hypothesis and the monotonicity of function G,
we have that

E® (My) <3(cVe®)G(u). (30)

Combining (28) and (30) yields E® (My) < 3[(1Vc) A (cV )]G (u). Hence E® (My) <
3¢G (u), where ¢ satisfies inequality (11). This completes the proof of Part A /(i).

The proof of Part A/(ii) is similar to that of Part A/(i). Applying inequalities
(22) and (26) in (27) and (29), the induction hypothesis and the convexity of function G
yields (24).

Part B. It is obvious by (13) that

O (My) < @ (L) + @ (L + [Sm]) < @ (Ly) + P (2 (L2 V [Sml))
<O (Ly) +2P(Ly V|Shl).

But since
E® (L V |S,]) — / B (L) dP + / B (1S]) AP < E® (Ly) + E® (|S,])
(L2>[Sml) (L2<|Sml)
it follows that
ED (My) < E® (Ly) + 2 {E® (Ly) + E® (|S])} .

Once again applying (22) and (26), the induction hypothesis and the monotonicity of
function G in (30), we obtain the desired result in (25). We can thus conclude on the
validity of the lemma. m

Corollary 6.2.1 Assume that the conditions of Theorem 6.2.1 hold. Then for all positive
numbers x,

P(M,>z)<

B0 oL m).

where
3c if PeAy,, GeV

K: =< 2 if ey, GEVNA G(0)=0
5 if D€ Veone, G € V.

Corollary 6.2.2 Assume that the conditions of Lemma 6.2.2 hold.
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n ¥
i If®(x)=2a",v>1,and G(x) =27, v >0, then EM? < 2"*! <Z uk> .
k=1

n vy
ii. Ifo(x)=2",0<v <1, and G(x) =27, v>0, then EM! §5(Zuk) .
k=1

We shall here below show an application for Theorem 6.2.1.
Let (S,, Fn), n € N, be a non-negative martingale in L?. Then for every counting
number n € N, the inequality

EM? < 8ES? (31)
holds, where M,, = \/ Sk.
k=1

We point out that inequality (31) is due to Garcia [35]. We shall try to derive it from
Theorem 6.3.1 in the following way. Let (0, dy, ds, ...) be the difference sequence of the
submartingale (S, F,), i.e. forevery n € N, d, =S, — S,_1 and S,, =d; + ... + d,.

For every 1 < ¢ < j < n, define S;,; := d; + ... +d;. It is easily seen that for
1<i<j<n,

Si,j = Sj — Sifl and ESi,lSj = E(SzflE (S]‘f‘lfl)) 2 ES;ﬁl.

Hence ES}; < ES? — ES} |. It can easily be checked that the function g, defined by
g (i, j) = ES? — ES} |, satisfies the property that g (i, j) + ¢ (j + 1, k) = g (4, k). Thus
with the choice of ® (z) = 2%, Part A/(ii) of Theorem 6.3.1 implies inequality (31). To
end the application we note that a sharper form of inequality (31) is given by J. L. Doob,
where the constant factor equals only 4.

6.3 Maximal inequalities for non-negative submartin-
gales related with concave Young-functions

Definition 6.3.1 (Agbeko, [2, 3]) We say that for the concave Young function ® the
mazximal inequality is valid with some positive constant K¢ (depending only on ®) if for
an arbitrary non-negative submartingale (X, F,), n € N, the inequality

E®(X2) < Ky (11 EX,) (32)
holds for all n € N, with X = \/ Xj.
k=1

Theorem 6.3.1 (Agbeko, [3]) Let & be any concave Young function. In order that ®
satisfy the above maximal inequality, it is necessary and sufficient that

Ag = /100 @dt < 0. (33)

Moreover, if Ag < 0o, then Ko = max (P (1), As).
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Before we tackle the proof there is the need to mention the motivation behind this
theorem and its corresponding definition. Actually in [46], J. Mogyorédi and T. F. Méri
proposed the following definition:

For the convex Young function ® the Mogyorodi-Mori mazimal inequality is said to
be valid if there are some constants a, b > 0 depending only on ® such that for arbitrary
non-negative submartingale (X, F,), n € N, we have E(®(X})) < a+ E(®(bX,)),
n € N.

Then they went on to provide the set of all convex Young functions enjoying this
property. We recall their quite remarkable result as follows:

Let (@, ') be a pair of conjugate Young functions. In order that ® satisfy the Mo-
gyorddi-Mdri mazimal inequality it is necessary and sufficient that the power q of T' (cf.
12) be finite.

To obtain similar definition and theorem like theirs for concave Young functions im-
perative adjustments were necessary as expressed in Definition 6.3.1 and Theorem 6.3.1.
Now we can prove the theorem left half way, in the same manner Mogyorédi and Méri
demonstrated theirs, we must note.

Proof of Theorem 6.3.1. To prove the sufficiency consider the maximal inequality
of Doob

P (X} > 2) < EX,x (X3 > 2), 7> 0,

to be integrated on [1, co) with respect to the measure generated by the nondecreasing

function N
/ e,
1 t

By the Fubini theorem it follows that
Xyv1 Xrv1 ) (t)
E/ ¢ (x)dr < EXn/ —dt < AsEX,,
1 1

t
since vl
n t
/ 20 4 < A,
1 t
Consequently, E® (X*) < & (1) + Ap EX,,. By choosing K¢ = max {Ag, ® (1)} we obtain
(32).

To prove the necessity suppose that the maximal inequality holds for ¢ with some
constant K¢ > 0. Let (z,,) be an arbitrary sequence of real numbers such that z; = 1,
Ty < Tpyp < 2xy,, lim, o x, = oo and

Ap = /oo 2®) 4y — i /w @dt. (34)

t n— o0

Consider the probability space (N, N, P) with 2V is the power set of N. The probability
measure is defined on (N, 2N) as follows:
1 1

Tn Tn41

P ({n})

,n€N.

44



Define for every n € N, the random variable
Xn (W) = 2nx (w=n), weN,

and let 7, :== 0 ({1}, ..., {n —1}...{n, n+1, ...}) be the minimal o-algebra generated
by the measurable partition noted in the brackets.
It can be easily shown that (X, F,), n € N, is a non-negative martingale, and

X* = Ty 'ifw<n
T, ifw>n.

In virtue of the maximal inequality we have

S (1) (i - ) L2l o, (35)

k=1 Tk Tr41 T,

since here £ X,, = 1.
The sum of the left hand side of inequality (34) can be estimated as follows:

nilfb (z1) (i — L) — ni@ (1) xkfﬂldt > %?@ (t)dt _

k=1 Tp  Thg k=1 o B ¢
1 D (x, Tnp (T

e bl o0,
2 T 1t

in virtue of the integration by parts. Consequently, (35) implies

mfngpiﬂdt + q)ix”> < 4Ky —® (1),

Passing to the limit, we observe by (34) that

Ts@ (t)

O (z

where 0 < a = lim,_,,, ———. Therefore, the argument is a valid one. =

x
We shall formulate here without proof the following two results which can be found
in [2]. But first let ® be any concave Young function and denote

£ (@) = @ (2) — wp (). (36)

Theorem 6.3.2 (Agbeko, [2]) Let ® be any concave Young function and & (z) be de-
fined as in (36). Then for any non-negative supermartingale (X,, F,), n € N, we have

1. the inequality
(1-0) E®(X;) —a < EC(X)

1s valid for some constants a > 0 and 0 < b < 1, if and only if

lim sup x; ((x))
T—00 X

<1 (37)
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2. if inequality (37) holds true, then
E® (X)) < Ko (14 E® (X))
for some constant Kg > 0 depending only on ®.

Theorem 6.3.3 (Agbeko, [2]) Let ® be any concave Young function and & (z) be de-
fined as in (36). Then for any non-negative submartingale (X,,, F,), n € N,

1. the inequality
(1=0)Ed (X)) —a< E{(X])

is valid for some constants a > 0 and 0 < b < 1, if and only if

lim sup xg (@)) <1 (38)
T—00 X

2. we have

E¢ (X)) <Ce(1+EX,)
for some positive constant Ce depending only on ®;
3. if inequality (38) holds true, then
E® (X)) <Cs(1+EX,)
for some positive constant Cg depending only on .

We say that a concave Young-function ® satisfies the density-level property if A (00) <
00. The quantity Ag (00) will be referred to as density-level and the function Ag :

[1, c0) — [0, ), defined by
As @)= [ 20,
1t

will be called density-level function.

For instance the concave Young-functions ®; (z) = y/z and ®5 () = In (z + 1), defined
for z € [0, 00), have finite density-levels. The concave Young-function @3 () = 2z+1—e~*
is of infinite density-level. In fact, if we let 3 (x) stand for the derivative of function

3 (), then
o o0 2
Ag, (00) = / 210 dt > / —dt = 0.
I 1t

Theorem B suggests that the set of concave Young-functions that satisfy the density-
level property is a rather broad class.
Define function A} : (0, oo) — (0, oo] by

4,0 = [,

X

where ® € V.one.
It is not difficult to see that Ag, (b) < oo and Ay, (b) = oo, for any number b € (0, 00),
where functions ®; (z) = y/z and @3 (z) = 2x + 1 — e~ * are defined for x € [0, c0).
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Remark 6.3.1 The function x~'® () is decreasing on the interval (0, co) and

>
0 < 1im 2 _ o

T—00 €T

20 will denote the set of all functions ® € )., that satisfy the density-level property.

We note that 2 is a proper subset of V.o, since the concave Young-function &3 :
[0, 00) — [0, 00), defined above by ®3(z) = 2z + 1 — e~*, was shown to be of infinite
density-level.

In the next two sections we study, among others, the closure of 2l under the composition
operation. In a sense, Theorems 6.4.1 and 6.4.2 show that the concave Young-functions
with the density-level property behave like left and right ideal with respect to the com-
position operation. We also realized that not every function ® € Y., admits a positive
fixed point. The investigation in this direction leads us to isolate a class of functions
in Veone enjoying this property. The notion of degree of contraction is introduced. We
show that every concave Young-function is square integrable with respect to a specific
given Lebesgue measure, and we prove that the natural distance defined by the L?-norm
satisfies the metric axioms in Y.,.. We then demonstrate that the subset 2 proves to be
a dense set in Veone.

6.4 The closure of 2l under addition and composi-
tion operations
Remark 6.4.1 For every number s € (0, co) we have that sp (s) < @ (s).

In fact, fix arbitrarily two numbers s € (0, co) and b € (0, s). Then by applying twice
the fact that ¢ decreases on (0, co0), we have that

s b s
¢<s>=/0 w(t)dt=/0w(t)dt+/b o (t)dt > bp(b) + (5 — b) o (s) >
> b () + (s — b) o (5) = sp (s) .

This proved the remark.
The following remark is an immediate consequence of Theorem B.

Remark 6.4.2 Let ® € Veone. If & € A, then & (z) < Ko (1 +x) for all z € (0, 00),
where K¢ = max (¢ (1), Ag (00)) .

Remark 6.4.3 The composition of two concave Young-functions is also a concave Young-
function.

The following two lemmas are trivial.
Lemma 6.4.1 For any number b € (0, c0) and function ® € YVeone, we have that b® € A

if and only if ® € A. Moreover, App (x) = bAg (2), x € [1, 00).
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Lemma 6.4.2 Let functions ®1 and @y € Veone be arbitrary. Then &1 and o € A if and
only if &1 + Oy € A. Furthermore, A, 10, (r) = Ag, (x) + As, (z), T € [1, 00).

Theorem 6.4.1 (Agbeko, [9]) Let functions ®1 and Py € Veone be arbitrary. If &y € A,
then ®, 0 &, € 2.

Proof. Write ¢; for the derivative of ®; (i € {1, 2}). Compute the density-level of
the composition ®; o $,.

Agom, (00) = /100 2 () @;(@2 (x))da:

> x
< (@) [P = (8 1)) As (o0) <
1
via the monotonicity of function ;. m

Remark 6.4.4 Let ® € Veone. Then for @ to belong to A it is necessary that lim; .., ¢ (t) =
0.

Proof. Assume that ® € 2 but lim;_.. ¢ (t) = lp > 0. Pick an arbitrarily fixed
number t € (1, co). Then

50 > Ag (00) > /thac > o (t)log (£) > lo log (¢)

T

Passing to the limit, it will follow that co = Ag (00) < 00, which is absurd. This completes
the proof. m

The following remark suggests that if ® € Yeone, then either A} (b)) = oo for all
be (0, 00), or A} (b) < oo for all b € (0, c0).

Remark 6.4.5 Let ® € Veone. Then A (b) < oo for every constant b € (0, co) \ {1} if
and only if Ag (00) < 0.

Proof. A simple computation shows that

1
Aq,(oo)+/@dx ifb<1
Ag(b):/wwdrp: ’
b 'y b
Aq,(oo)—/@dx ifo>1
1

which yields the result. m

Theorem 6.4.2 (Agbeko, [9]) Let functions &1 and Py € Veone be arbitrary. If &, € A,
then (I)l o (I)Q e A
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Proof. We first show that

T pa (e (P2(1)
A<1>1 (OO) = 1}21(1) CI)Q (t) dt,

where ®;! is the inverse function of ®, (whose existence is guaranteed by the continuity
of (I)Q)
In fact, by definition we have that

Ag, (00) = /1 Tl

X

Now, setting © = @, () we observe that dx = s (t) dt and thus

_ [T e ) e (2(1))
Ag, (00) = /%_1(1) By (1) dt.

Next, compute the density-level of the composition ®; o 5. Remark 6.3.1 implies that

A<I>1oq>2 (OO) _ /100 P2 (t) 90115((1)2 (t))dt

[ Ea0e o),
1 t P, (1)

= e @)
Sc[p;(n D, (t) dt = cla, (c0),

t

1
®; (1)
was to be proven. m

where ¢ = (the second equality holds because of the claim shown above), which

Corollary 6.4.1 Let & € YVeone and a € (0, 1) be arbitrary. Then @, € A, where the
function @, : [0, 00) — [0, 00) is defined by @, (x) = P* (x) = (P (x))".

Proposition 6.4.1 Let z, y € (0,00) and A C Veone (with A # &) be arbitrary. Then

sup @ (z) — sup @ (y)| < sup |® (z) — D (y)],
[OY=YAN dcA dcA

provided that supgea ® (1) < oo for all t € (0,00).
Proof. We first note that
O () <[®(z) =P (y)|+ P (y) and @ (y) <|®(z) - P (y)|+ @ (2).
Taking the supremum we can easily observe that

sup @ (z) < sup [® (2) — @ (y)| + sup P (y)
deA deA deA
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and

sup @ (y) < sup |® () — @ (y)| + sup @ ().
[OYSYAN dcA [OY<YAN

Combining these inequalities we have that

—sup |® (z) — ® (y)| < sup @ (z) — sup ® (y) < sup [ () — @ (y)],
deA PeA PeA PeA

which yields the result. m
We know that k® € V.., for any fixed ® € V.o and all £ > 1. Then

0 ifx=0
sup ¢ (z) >supk® (z) = .
<I>ey£nc (#) 2 kzﬁ) (=) {oo if x € (0, 00),

meaning that there is no real function g (z) such that ® (z) < g (x) for all & € Yeone and
x € [0, 00). Nevertheless, this is possible for their suitably normalized forms, as shown in
the following lemma.

Lemma 6.4.3 The function S : [0, co) — [0, 00), defined by

S(z)= sup (®(1)" @ (),

@eyconc

enjoys the following properties:
1. S(0)=0and S(1) =1.

2. S is a non-decreasing function such that (® (1)) @ (z) < S (z) for all ® € Veone
and x € [0, 00).

3. The identity supgey,  (1+® (1)) =1 holds.

4. For every number x € [0, o), the chain of inequalities x < S (x) < x+1 holds true.

S (z)

5. We have that lim, ... ——= =1 and lim,_ ., S () = co.
T

Proof. The first part is obvious. We show that S (x) is a non-decreasing function. In
fact, pick arbitrarily two numbers z;and x5 € [0, o) with x1 < z5. By the monotonicity
we have that @ (z1) < ® (x2). If we normalize this inequality suitably and then take the
supremum on both sides over all ® € Yo, we can then observe that S (x;) < S (z9).
Thus S is a non-decreasing function. To show the identity in the third part we begin
by establishing the inequality (1 +® (1))™" < 1, which holds for every ® € Yeone. Then
SUPgey,,,. (1 4+ @ (1))~" < 1. We also know that k™'® € V.one for any fixed integer k > 1.

Hence (14 k71 (1)) < SUPgcy,,,. (1 4+ @ (1))~'. Passing to the limit we observe that
limy o (1 4+ k1@ (1)) ' = 1. Consequently SUPgey,,. (1+® (1)) = 1. The fourth part
will be proved if we show that S (xz) < x4+ 1 and S (x) > x for all z € [0, c0). In fact,
take arbitrarily a function ® € Y.on.. Clearly the equation of the tangent line of ® at the
point (1, ® (1)) is given by y = ¢ (1) (x — 1) + ® (1), = € [0, c0). Via the concavity of ®,
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it is obvious that ® (z) < ¢ (1) (z — 1)+ ® (1), = € [0, 0c0). Hence by Remark 6.4.1 we
have: @ (z) < p(1)x+®(1) <P (1) (x+1), x € [0, 00). This implies that S (z) < z+1,
for all x € [0, o). Finally fix arbitrarily a function ® € YV.on.. Then the function, defined
on [0, 00) by  + ® (z) (for any fixed ® € Veonc), also belongs to Veone. Hence

z+ O (2) x
5(z) 2 1o = 1+0(1)

z € [0, 00).

Now taking the supremum over ® € V.o, the third part leads to the desired inequality
S (x) > z. To complete the proof we just point out that the fifth part grows obvious
because of the fourth part. m

6.5 The fixed points of a class of concave Young-
functions

In mathematical analysis, there are various fixed-point theorems. Fixed points are also
known as equilibria or stationary points. We shall remind only three of these theorems.
The Kakutani fixed point theorem is a fixed-point theorem for set-valued functions. It
provides sufficient conditions for a set-valued function defined on a convex, compact subset
of an Euclidean space R™ to have a fixed point, i.e. a point which is mapped to a set
containing the point itself.

The Kakutani’s fixed point theorem developed in 1941 [38] was famously used by John
Nash [51] in his description of Nash equilibrium, which has been worth him the Nobel Price
in Economics. It has subsequently found widespread applications in game theory besides
the economics application.

The Kakutani fixed point theorem is actually a generalization of Brouwer fixed point
theorem [20]. It states that every continuous function from the closed unit ball D™ to
itself has at least one fixed point (where n is any positive integer, the closed unit ball is
the set of all points in Euclidean R™ which are at distance at most 1 from the origin, and
a fixed point of a function f: D™ — D" is a point z in D" such that f (z) = z).

The Brouwer fixed point theorem is a fundamental result in topology which proves
the existence of fixed points for continuous functions defined on compact, convex subsets
of Euclidean spaces.

Perhaps it is worth mentioning some two elegant illustrations of the Brouwer fixed
point theorem. (See
http://www.marginalrevolution.com/marginalrevolution/2004/08 /kakutani_is_at_.html)

1. 7 One morning, exactly at sunrise, a Buddhist monk began to climb a tall mountain.
The narrow path, no more than a foot or two wide, spiraled around the mountain to
a glittering temple at the summait. The monk ascended the path at varying rates of
speed, stopping many times along the way to rest and to eat the dried fruit he carried
with him. He reached the temple shortly before sunset. After several days of fasting
and meditation he began his journey back along the same path, starting at sunrise
and again walking at variable speeds with many pauses along the way. His average
speed descending was, of course, greater than his average climbing speed. Prove that
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there is a spot along the path that the monk will occupy on both trips at precisely the
same time of day.”

"Here is an intuitive proof of the monk problem. Imagine that there are two monks,
one going down and one going up, each beginning on the same day at sunrise. At some
point in the day the hiker’s must meet!” However, we must note that the Brouwer’s fixed
point theorem guarantees a rigorous existence of such spot.

2. Take two sheets of graph paper of equal size with coordinate systems on them, lay one
flat on the table and crumple up (without ripping or tearing) the other one and place
it any fashion on top of the first so that the crumpled paper does not reach outside
the flat one. There will then be at least one point of the crumpled sheet that lies
exactly on top of its corresponding point (i.e. the point with the same coordinates)
of the flat sheet.

This is a consequence of the n = 2 case of Brouwer’s theorem applied to the continuous
map that assigns to the coordinates of every point of the crumpled sheet the coordinates
of the point of the flat sheet immediately beneath it.

In dynamic models, stationary equilibrium is typically described as a solution of the
equation z = f (), where f is a mapping which determines the current state as a function
of the previous state, or as a function of the expected future state. In many cases x is
a finite dimensional vector, and in general positive solutions (i.e. fixed points of f) are
rather sought for. We note that this type of problem have been investigated for decades,
and in many occasions for concave functions.

The third well-known fixed point theorem, though more restrictive than the Brouwer’s
one, guarantees the existence of a unique fixed point. We remind the following definition:

Definition 6.5.1 A function T from a metric space (M, p) to itself is called a contraction
if there is an « which satisfies 0 < o < 1 so that p(T (z), T (y)) < ap(z,y) for all
x,y € M.

Contraction Mapping Principle ([57]) Let T be a contraction on a complete metric
space (M, p). Then there is a unique point x € M (called fized point) such that T (z) = x.
Furthermore, if xy is any point in M and we define x,+1 =T (x,), then lim,,_, x, = .

I should like to mention the nice work of my colleague J. Mészaros (cf. [43]) in which
he connected various forms of contraction principles.

We shall seek for all those positive numbers which can be a fixed point for any given
concave Young function.

Theorem 6.5.1 Let ® € Veone and c¢* be any positive number. In order that the equality
O (¢*) = ¢* hold, it is necessary and sufficient that the range of the function ®
[c¢*, 00) — [0, 00), defined by P

[e*, 00) :

(e, 00) () = ® (), should equal the interval [c*, 00).
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Proof. Suppose that ®|j+ o) (¢*) = @ (c*) = ¢*. Obviously ® is a bijection on [0, c0) .
Hence it follows that @[« ) is an injection on [¢*, 00). Since ® [c*,00) 1S continuous on
[c*, 00) and tends increasingly to oo, we have that the range of function @[+ ) equals
(@ (c*), 00) = [c*, 0), by assumption. Conversely, assume that the range of ®|j o
equals interval [¢*, c0), but in the contrary there is some number y € (c*, 00) such
that @ (y) = @i+, 00) (¥) = ¢*. By the assumption it is obvious that function @i« o is
surjective on [c*, 00). Moreover, ®|( o) maps bijectively the interval [c*, co) onto itself
because it is also an injection. The monotonicity of ® yields that ® (¢*) = ® (s, o0 (¢*) <
® (y) = ¢*. However, by the bijective property of ®|i- o, we have that ®(c*) > ¢*.
Consequently the inequality ¢* < ¢* will follow. This, however, is absurd. Therefore, we
can conclude on the validity of the argument. m

Proposition 6.5.1 (Agbeko, [9]) Let ® € Veonc be arbitrary and fix any number s €
(0, 00). Then
@ () =@ (y)] < @(s) ]z -yl

for all numbers x, y € [s, 00).

Proof. Pick numbers z, y € [s, co) arbitrarily. Via the monotonicity of ® it follows
that

| (2) = @ (y)| = max ( (z), (y)) —min (P (), ¢ (y))
= & (max (z, y)) — ® (min (z, y)) .

Hence the monotonicity of ¢ yields that

max(z,y)

| (z) = @ (y)| = / p (1) dt < ¢ (s) (max (z, y) — min (z, y)) = ¢ (s) [z =yl

This was to be proved. m
Next, we characterize the existence of positive fixed points of concave Young-functions
according to some behavior of their derivatives.

Theorem 6.5.2 (Agbeko, [11]) Let ® € Yeone be arbitrary. In order that there be a
constant s > 0 for which ¢ (s) < 1, it is necessary and sufficient that ® admit a positive
fized point, i.e. ® (x) = x for some number x > 0.

Proof. To prove the sufficiency assume that there is a number s > 0 such that ¢ (s) <
1. Then by recalling Proposition 6.5.1 one can easily observe that ® is a contraction in
the interval (s, 0o). Consequently, the Contraction Principle (cf. [57]) yields @ (z) = «
for some = > s. Next, let us show the necessity. Assume that there exists some xg > 0
for which ® (x¢) = xo, but in the contrary ¢ (t) > 1 for all £ > 0. Then it is easy to
check that ® () > x for all x > 0. Since ® is a strictly concave and increasing function,
the graph of ® must lie below that of the line y = x on the interval (xq, co). This fact,
however, contradicts that ® () > x for all # > 0. Therefore, we can conclude on the
validity of the argument. m
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Proposition 6.5.2 Let & € Vo be arbitrary. If xg € (0, 00) is such that ® (z) = xo,
then ¢ (xo) < 1.

Proof. It is not difficult to see that ® (t) > tp (t) whenever ¢ € (0, 0co). Assume the
existence of some g € (0, co) for which ® (xy) = zg. Then as noted above

zo = P (20) > 040 (T0),

and hence ¢ (z9) < 1. Now, suppose that ¢ (xg) = 1. Since ¢ is a decreasing function on
(0, ), there must be some ¢ € (0, 1) such that ¢ (zg 4+ €) < 1, making ® be a contraction
on (xg+ ¢, 00), via Proposition 6.5.1. But then it would mean that there must be some
x* € (g + ¢, 00) with @ (z*) = x*. Necessarily, it would ensue that ® is not a concave
function on the interval (z¢, x*], a contradiction, indeed. Therefore, ¢ (z9) < 1. This was
to be proven. m

Definition 6.5.2 A number s > 0 is called the degree of contraction of a function ® €

yconc ZfQO(S) =1

We note in this case that ¢ (s + ) < 1 for any positive number §, which makes ® a
contraction for some suitable 0.

The degree of contraction can provide a starting point for any iteration for finding
the positive fixed points of concave Young-functions. In this viewpoint the degree of
contraction can be useful, as a matter of fact.

Example 6.5.1 The degree of contraction of ® (x) =4 (\/x +1-— 1), z € [0, ), equals
3.

Example 6.5.2 For any fized number p € (0, 1), the degree of contraction of the function
P, (z) = 2P, x € [0, o0) is equal to p/1P),

Example 6.5.3 The function ® (x) =log(z + 1), z € [0, 00), has no degree of contrac-
tion.

Example 6.5.4 The degree of contraction of function ® (x) = 2log (x + 1) exists and
equals 1.

Example 6.5.5 The concave Young function ® defined by ® (r) = g—l—\/} does not meet

condition (3). Yet its degree of contraction exists and equals 1.

6.6 Is set A dense in YV.,.?

We shall answer this question in the affirmative.
Theorem 6.6.1 (Agbeko, [9]) For any concave Young-function ®, there exists a se-

quence (®,,) C A such that (®,) converges pointwise to O, i.e. lim, o P, (z) = ¢ (x)
whenever z € [0, 00).
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Proof. Fix arbitrarily an index n > 1 and define ®,, (z) = &/ (2), 2 € [0, c0).
Obviously (®,) C Veone because of Remark 6.4.3. So, on the one hand, Corollary 6.4.1
yields that (®,) C 2. On the other hand we can easily see in the limit that

lim @, (z) = lim ®Y/" Y (z) = & (z)

n—oo n—oo

for every x € [0, 00). Therefore, we conclude on the validity of the theorem. m

Lemma 6.6.1 Let ® € V... Then there are constants Cy > 0 and Bg > 0 such that

e

Proof. An integration by parts leads

© (¢ —® (1)) o (t ot
[0 [T e [0y g
o (t+1) t+1 |, o t+1 o t+1
) o )
where 0 < By = limy_,« ﬂ < 00, as ﬁ < i) for all ¢t € (0, c0). On the one
t+1 t+1 t
hand,
*(t) /1<p(t) /°°s0(t) /1s0(t)
—=dt = | ——=dt —dt < | —Zdt+ A . 40
/0t+1 A A RS A (o0) (40)
On the other hand, by the monotonicity of function ¢ (¢) and by the change of variables,
we have that
ot Co(t+1 o
/ o) 4 2/ e+l :/ 28 1 4y (00). (41)
o t+1 o t+1 Tz

Consequently, if we combine (39)—(41), one can observe that

© o) Lo (t)

This leads to the desired result. m

Lemma 6.6.1 suggests that the quantity / 2(1)
0

(t+1)*
equivalent, in the sense that they are both either finite or infinite. This gives rise to the
following essential result.

dt and the density-level Ag (00) are

Lemma 6.6.2 Let ® € V.o be arbitrary. Then

/de$<oo

(x+1)*
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Proof. Clearly,

(@) M@ () < (@ ()"
/0 (a:+1)4dx_/o x+14dx+/1 (x+1)4dx
® ()
r+1

)
—;Zd:v + /OOMOZ:B.

(
'
< [0 :
o ( 1 T
Integration by parts yields that

[ @), _ 2 2 [t (20, 20000

2 7 3 3 23 - 3 3

because ¢ (z) and are decreasing functions. m

Now endow the half line [0, co) with a o-algebra M containing the Borel sets. Define
1 1
a Lebesgue measure p: M — [0, 00) by u ([0, x)) = 3 <1 — W) for all z € [0, c0).
x+
Let L? := L* ([0, 0o), M, p) be the collection of all (measurable) square integrable func-
tions. We know (see [60], Remark 11.37, page 326) that the pair (L?, d) is not a metric
space unless we identify functions which differ only on a set of measure zero, where the

mapping d : L? x L? — [0, oo) is defined by

d(f, g)= \//[0 )(f—g)gduz \//:O(f(@li,)(f)) dx.

By Lemma 6.6.2, we observe that V... C L?. Unfortunately we note that this does
not guarantee that the pair (Veone, d) is a metric space, for the reason mentioned above.
Nevertheless, we shall prepare the ground for showing that (Veone, d) is actually a metric
space.

Whenever ® € V.o write Gg for the graph of ® on [0, 00), i.e.

Go = {(z, ®(x)): 2 €0, )}
and write G';Hb for the graph of ® on the interval [a, b), i.e.
Gy ={(z. ®(x)) 1w € (a, )},
where a < b are any non-negative numbers.
Lemma 6.6.3 Let ® and ¥ € Yeone be arbitrary with distinct graphs. Then
{z €(0,00): ®(z) =¥ (2)} <1,

where | B| stands for the cardinality of B whenever B is a set.
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Proof. Suppose in the contrary that
{x € (0, 00) : @ (z) =V (x)} > 2.

Write
zy =inf{z € (0, 00) : & (z) = ¥ (z)}
and
zy = inf {z € (0, c0) \ {21} : @ (z) =V (x)}.

It is clear that 0 < z1 < x9 and @ (z;) = ¥ (z;), i € {1, 2}. We point out that the two
graphs are continuous. We show that the graph of one of the functions ® and W lies above

the graph of the other on the interval (0, z1). In fact, without loss of generality we may

assume in the contrary that GoI™* lies both above and below Go™*. Then necessarily

the two graphs must cross each other in the interior of interval (0, z1), i.e. there is
some xo € (0, x1) such that ® (zg) = ¥ (z0). This, however is in contradiction with the

minimality of x;. Hence we can assume that G?{Jm lies above Gg,”xl. By the continuity
and the fact that ® (x;) = ¥ (1) we note that G crosses Gy at point (1, @ (z1)).
Nevertheless, since both ® and ¥ are unbounded increasing functions and @ (z5) = U (23),
the graph G'¢ must cross the graph Gy at point (22, ® (z2)). This means that & must be
convex on the interval (z1, z3), which is absurd since these functions are concave. =

Corollary 6.6.1 Let ® and ¥ € YV.one be arbitrary. Then among the following three
assertions exactly one fulfills:

1. {x €0, 00):P(x) =V (x)} =0, c0).
2. {x €(0,0):®(zx)#¥(x)} = (0, ).
3. There is a unique number z* € (0, co) with ® (z*) = W (z*) such that

{z € (0, 00)\{z"} : @ () # V¥ (2)} = (0, 00) \ {z"} .

Lemma 6.6.4 Let ® and V € Yeone be arbitrary. Then in order that ® (z) = W (z) for
all x € [0, 00) it is necessary and sufficient that

/ (® —¥)*du=0.
[0, 00)

Proof. We first note that the sufficiency is obvious. To show the necessity let us

assume that
/ (® — W) du=0.
[0, 00)

Then on the one hand p ({z € [0, 00) : @ (x) = ¥ (2)}) = p ([0, 00)) = 5 so that neces-
sarily
{z €]0,00): ®(z) =¥ ()} # . On the other hand

i ({a € (0, 00) : @ () £ U (2)}) = 0.
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Note that both the sets {x € [0, 00) : @ () = ¥ (2)} and {z € (0, 00) : P (z) # ¥ (2)}
cannot be non-empty at the same time (because of Corollary 6.6.1). Consequently,

{r€(0,00):P(x) AV (2)} =2

and, therefore, {x € [0, 00) : @ (z) =¥ (2)} = [0, c0). =
We are now in the position to state the result hereby.

Proposition 6.6.1 The mapping d : Veonec X Veone — [0, 00) , defined by

woor-{[ oo [

satisfies the metric axioms, i.e. for any three functions ®1, 9 and P3 € Veone
1. d (P, D3) >0 and d(Py, P2) = 0 if and only if P = Ps.
2. d(Pq, Oy) = d (D, Py).
3. d (P, Do) < d(Pq, P3) + d(P3, Dy).

The pair (Veone, d) is a metric space and hence by referring to Theorem C the pair
(2, d) is also a metric space.

Theorem 6.6.2 Let & € Voone and write ®,, = /D n > 1. Then

lim d2dp :/ d2dy.
= J10, 00) [0, 00)

Proof. For every index n > 1, define ®* := (&, (1))"' ®,. Clearly, (®,) C Veone
(see Corollary 6.4.1) and hence (®) C 2 because of Lemma 6.4.1. Via Theorem 6.6.1 it
follows that sequence (®,,) converges to ® pointwise, which in turn entails that sequence
(*) converges to (® (1))”' ® pointwise. Write the function Z (z) := 2+ 1, z € [0, 00).
We obtain (by Lemma 6.4.3) that

sup®; () < S(z) < Z(x), z €0, 00).

n>1

Now, on the one hand a simple computation shows that Z € L?. On the other hand
we can deduce from Lemma 6.6.2 that (®,) C L? and thus (®}) C L2 Therefore, the
Dominated Convergence Theorem guarantees that

lim O 2dy = (@(1))2/ d%dp.

n0 J0, 00) [0, 00)

Now we remark that for every index n > 1,

| wa—@op [ e
[0, 00) [0, 00)

Passing to the limit we can conclude that

lim PAdy = / d2dp.
[0, 00) [0, 00)

n—oo

This was to be proven. m
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Theorem 6.6.3 (Agbeko, [9]) The subset A is a dense set in Veone-

Proof. Let ® € Voone be arbitrary. For every index n > 1, define ®* := (¥, (1)) ®,,,
where ®,, = @+ We need to prove that

lim d(®, ®,) = lim (®—®,) dp = 0.

n—oo n—o0 [07 OO)

In fact, fix arbitrarily an index n > 1. Then

/ ((I)—(I)n)Zdu:/ @idu+/ <I>2du—2/ OP,,dy. (42)
[0, 00) [0, 00) [0, 00) [0, 00)

Then Lemma 6.4.3/4 entails that

(@(1))—(2n+1)/(n+1) P, < 7(@n+1)/(n+1) < Z2,

2 1
since function Z (z) > 1 for all z € [0, co) and sequence ( n

> tends increasingly to
n+1
2. On the other hand

lim (@ (1)~ @ (1) @, (2) = (€ (1)) @2 (@)

n—oo

for all € [0, c0). Then by means of The Dominated Convergence Theorem it follows
that

lim P, dp = lim (P (1)) +D/ D / (@ (1) " dwrdy (43)
n—oo [0, OO) n—oo [07 OO)
= / d2dy.
[0, 00)
Finally we note that
lim dAdy = / d3dp, (44)
=0 J0, 00) [0, 00)

by Theorem 6.6.2. Therefore, combining the results (42)—(44), we get lim,,_,o d (P, ®,,) =
0. We can thus conclude on the validity of the theorem. m
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CHAPTER VII

SOME COMPUTATIONAL ASPECTS

Optimal measure theory can be applied in many fields such as genetic algorithms, neural
network, computer algebra, artificial intelligence and it can be used to substitute the
Sugeno integral.

7.1 Algorithmic determination of optimal measure
from data

In fuzzy sets theory the crux was how to determine the values of the fuzzy measure in
a given real problem. To achieve that goal the Sugeno integral was used alongside the
so-called genetic algorithm to solve it (see [66]), say. The Sugeno integral with respect
to a given fuzzy measure p is regarded as a multi-input single-output system. The input
is the integrand, i.e. the vector (f (wy), ..., f(wy,)), while the output is the value of its

Sugeno integral E := (S)/fdu =sup{a A u(F,):a €0, 1]}, where f is a measurable

function defined on a finite measurable space (2, F) and F,, :={w € Q: f (w) > a}. By
repeatedly observing the system (f (w1), ..., f (w,)) results the following

fll(wl) f12(w2) flk(wn) E,
for (1) fa(w2) oo for(wn) | Eo

fk1@1) sz.(w2) oo S (wn) Ek

and we look for an approximate fuzzy measure p with E; = (S)/fidu, (1=1,..., k),

i (5 f )

is minimized. For more about the genetic algorithm see [41], for example.
An analogical crucial question also arises to know how to determine the range of the
optimal measure in a real problem. We shall first formulate some useful problems.

such that the expression

Problem 1 Let (Q, F) be the measurable space with Q = {1, ..., n} and F = 2%, i.e.
F is the power set of Q. Write By := {1}, ..., B, := {n} and let f be a random variable
assuming the theoretical values in [0, co). Observe k times this measurable function with
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results f1, ..., fx, i.e.

By By B,
M) AR | ] filn) | Qs
fo(D) | fo(2) ] ... | fa(n) | Q2

fk'(l) fk.<2) fk(n) Qk

1 n
where Q; = _Zfij with fij = fi(j), 5 =1,...,n, and i =1, ..., k. The question
n
j=1
1s to know which one of these sample averages can ”best” approximate the theoretical

mathematical expectation.

To solve Problem 1 we propose to look for an approximation of the theoretical optimal

measure p for which fidp =~ Q;, (i=1, ..., k), such that the expression
Q

2
k k

err = 22:1612: Zi:l Qi — \fidp
Q

is minimized. Write p, for the optimal measure p for which the least square is minimal.

k
Now, it is not difficult to see that \/ . Qi — \ fidp,| < err. Let ig be the index where
1= Q

the maximum is attained, i.e.

Qio — \fiodp* :\/f:1 Qi — \fidp* .
Q Q

Then we can conclude that with respect to the optimal measure p, the 7gth sample provides
us with the best possible sample average.

As we know statistical spaces are not restricted in general to the real line nor to the
real vector spaces. For this reason we need to formulate the following problem. We shall
then indicate how to reduce Problem 2 to Problem 1.

Problem 2 Let (X, S) be measurable space with S being an arbitrary o-algebra. Fiz a
partition Dy, ..., D, of X and consider a random variable h : X — [0, 00), assuming
theoretical values. Observe k times this measurable function with the following results:

Dy | Dy |...| D,

hll h12 cee hln Ql
hot | hoa | ... | hop | Q2
hii | hia | -0 | hin | Qi
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where h;; is the observed value of h in the ith trial on event D;, i =1, ..., k;j =1, ..., n,
1 n
d i — — hl,zl,,k
and @ n; s 4

The question is to know which one of these sample averages can " best” approximate the
theoretical mathematical expectation of h.

To solve Problem 2, first write Sy := o (D, ..., D,). We note that Sy is a finite
o-algebra and the random variable A is also Sy-measurable. Clearly, Sy and 2% are equinu-
merous, where 2 = {1, ..., n}. Then Problem 2 can be reduced to Problem 1 if we define

fij::hij,z'zl,...,k;jzl,...,n.
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AN ALGORITHM TO SOLVE THE FIRST PROBLEM

Step 0.
Input: n positive integer

Q={1,...,n}
k x n matrix F = [f(z,])]fjil
n-dimensional vector @) 7
error bound ¢
B;={j},j=1.n
X = the power set of (2.
Generate the set o of all permutations of {1, ..., n}.

Step 1.

Generate a decreasing sequence «a(j) € (0, 1], with a(1) = 1.

Step 2.

For any permutation {ny, ..., n,} € o

Put p(B;) = a(n;), for j=1, ..., n

Compute the optimal average: A(i) = max{f(i,7) *p(B;) :j = 1l..n},
forv=1..k

2
Compute the corresponding error: err = \/(2?1 (Q(i) — A(z)))

Step 3.

If err < ¢ for some permutation do

Find the index iy such that |Q(ig) — A(ip)| = max{|Q(i) — A(:)| : i = 1...k}
Determine p (B) = max {a(n;) : j € B}, for each B € X

Else GOTO Step 1

Step 4.

The outputs
1.) Best sample: f (ig, 1), ..., f (io, n)
2.) The approximated optimal measure:

2" | p(B)
{4 o©
By |p (Bl>
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7.2 A Maple codes solution of Problem 1

> with(combinat):

with(stats):

with(VectorCalculus):

st:=time():

bestsample:= proc(k,n,epsz)

local i,j,vel,per,lepes,errl;

global Omega,A,B,X,S,F,alpha,Q,err,p,measure,i_0,setmeasure;
Omega:={};
setmeasure:=array(l..2°n,1..2);

for i from 1 to n do

Omega:=0Omega union {i};

od;

S := subsets(Omega):

i:=1;

while not S[finished] do

X[i] :=S[nextvalue] O);

i:=i+1:

od;

F:=array(1l..k,1..n);

for i from 1 to k do

for j from 1 to n do
F[i,j]:=abs(stats[random, normald] (1));
od:

od;

print(‘Matrix F:‘); print(F);

for j from 1 to n do

B[jl:=j;

od;

Q:=array[1l..k];#vector[k];

for i from 1 to k do

Q[i]:=0;

for j from 1 to n do
QLil:=Q[i]+F[i,j]/n;

od;

od;

print (‘The meanvalues of the rows of matrix F, i.e. vector Q:‘); print(Q);
errl1:=10000000;

while (erril>epsz) do
alpha:=[1,op(sort(RandomTools [Generate] (1ist(float(range=0..1),
n-1)),>N1;

lepes:=1;

err1:=10000000;

print (‘The value of alpha:‘); print(alpha);
while (errl>epsz and lepes<=n!) do
per:=permute(n) [lepes];

for j from 1 to n do
pljl:=alphalper[jl];

od; for i from 1 to k do

for j from 1 to n do

if j=1 then A[i]:=F[i,jl*pl[jl;
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else if A[il<F[i,jl*p[j]
then A[i]:=F[i,jl*p[j];
fi;
fi;
od;
od;
err:=0;
for i from 1 to k do
err:=(Q[i]-A[i])~2;
od;
err:=sqrt(err);
lepes:=lepes+1;
if erril>err then errl:=err; fi;
od;
print (‘The error obtained from this alpha: ‘) ;print(errl);
od;
print (‘The permutation which provides the optimal measure:‘); print(per);
i_0:=1;
for i from 2 to k do
if abs(Q[i]-A[i])>abs(Q[i_0]-A[i_0]) then i_0:=1i; fi;
od;
print (‘The value of i_0:¢);print(i_0);
for i from 1 to 2°n do
measure:=0;
for j from 1 to n do
if j in X[i] then measure:=max(measure,p[jl); fi;
od;
setmeasure[i,1]:=X[i];
setmeasure[i,2] :=
mertek;
od;
print (‘A halmazokra kapott measure: ‘) ;print(setmeasure);
print(‘The run time:‘); time()-st;
end;
> bestsample(3,4,0.02);
Matrix F:

1.315575422  0.4312628907 0.3691538117 1.987882081

0.3806605310 1.213901996  2.020635570  1.033761787

0.8287258064 1.058650159 0.3007036528 0.6182133403

The mean values of the rows of matrix F, i.e. vector Q:
TABLE ([1 = 1.025968551, 2 = 1.162239971, 3 = 0.7015732397])
The elements of vector a:
[1,0.8632200803, 0.000009418418783, 0.0000000009175679917]
The error obtained from this a:
0.01379951740
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The permutation which provides the optimal measure:

2,3,1,4]
The value of i,:
2
The measure of the sets:
{} 0
{1} 0.8632200803
{2} 0.000009418418783
{3} 1
{4} 0.0000000009175679917
{1,2} 0.8632200803
{1,3} 1
{1,4} 0.8632200803
{2,3} 1
{2,4} 0.000009418418783
{3,4} 1
{1, 2,3} 1
{1,2,4} 0.8632200803
{1,3,4} 1
{2,3,4} 1
i {1,2,3,4} 1

The run time:
1.812
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7.3 Algorithm for finding the degree of contraction
and the positive fixed point

Let be given a concave Young function ® and a positive number cc in the neighborhood
of 0.

Step 1. Input @ (z), cc
Step 2. Compute the derivative ¢ (z) of @ (z).
Step 3. Starting from cc find an approximation root for
equation ¢ (z) —1 =0 and put the result into c.
Step 4. If ¢ =10 then STOP.
else GOTO Step 5.
Step 5. Starting from ¢ apply the FixedPoint algorithm, i.e.

o :=¢; Tpr1 =P (ay); k=k+ 1.

7.4 A Maple program for computing the degrees of

contraction and the positive fixed point

> restart;

> tr=array(1l..3,1..4): t[1,1]:="k’: +t[1,2]:="c’: t[1,3]:=’ido’:
t[1,4]:="fixpont’:

Input section

> for k from 2 to 3 do

Phi [k-1] :=x-> (k™ (k+1)*x)~(1/(k+2))+(k-1)*(log(x+k)-log(k));
od:

The computation of the derivatives

> for k from 2 to 3 do

phi[k-1] :=diff (Phil[k-1](x),x);

psilk-1] :=D(Phil[k-11);

od:

The computation of the h(x):=phi(x)-1 and the function indexes

> for k from 2 to 3 do

h[k-1] :=phil[k-1]-1;

tlk,1]:=k-1;

od:

The degree of contraction can be obtained as a possible approximated root of function
h(x):=phi(x)-1. To do this the bisection method (intervallum-felez6 eljards, in Hun-
garian) is rather preferable to Newton and other methods, say. Because differentiating
twice the above two functions can be fatal in terms of time period. The subroutine
for these approximations is as follows:

> bisect :=proc(fun,x0,x1,max,delta)
local k1,halff,p0,pl,p2,a,b;

k1 := 0: a:=x0;b:=x1:

#while er>delta do

halff:=(a+b)/2:

p0 := evalf (subs(x=a,fun)):
pl := evalf(subs(x=b,fun)):
p2 := evalf (subs(x=halff,fun)):
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for k1 from 1 to max do

if (evalf (p0*p2)<0) then
b:=halff:

else

a:=halff:

end if:

halff:= (atb)/2:

pO0 :=evalf (subs(x=a,fun)):
pl := evalf (subs(x=b,fun)):
p2 := evalf (subs(x=halff,fun)):
end do:

RETURN (halff):

end proc:

> for k from 2 to 3 do

w[k-1] :=plot ({Phi [k-1] (x) },x=0. .30, color=black):
PP[k-1] :=evalf (subs(x=20+1.5,Phi[k-1] (x))):

od:

wx:=plot(x,x=0..30,color=red):

> with(plots):

for k from 2 to 3 do
u[k—l]:=textplot([20,PP[k—1],‘Phi(x)‘],align={BELOW,RIGHT}):
od:

ux:=textplot([20,20, ‘y =x‘],align={BELOW,RIGHT}):
for k from 2 to 3 do

display ({wx,w[k-1] ,ux,ulk-1]};

od;

30
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x

Figure 1: The joint plot of ®; (x) and the line y = x.

>

> for k from 2 to 3 do st:= time():
c k] :=bisect(h[k-1],0.00000002,20,40);
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Figure 2: The joint plot of ®, (x) and the line y = x.

ido[k] :=time() - st; tl[k,2]:=cl[k]; tl[k,3]:=ido[k];
od:
Algorithm to compute the approximation of the fixed point.

> fixedpoint := proc(x0,max,k,t)
local k1,p0,pl;

k1 := 0;

pO :=evalf (x0);

printf (" Pkg = %g \n",k1,p0);

pl := p0;

for k1 from 1 to max do

p0 := evalf(pl);

pl := g(p0);

printf (" Pkg = %g \n",k1,pl);

end do;

print(‘g(x) = “,g(x));

printf(" P = %g \n",pl);

printf ("g(P) = %g \n",g(pl));
t[k,4] :=evalf(pl); RETURN(pl);
end:

Starting with x0 = ¢ we compute the approximation of the fixed point, where phi(c)

> for k from 2 to 3 do
g:= unapply(Phi[k-1] (x) ,x):
fixedpoint(c[k],10,k,t):
od:
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Dy (2) = (82)* +1In(z+2) —In2 | dy(z) = (812)"° +1In(z + 3)> —In9
PO = 0.601473 PO = 0.96497
P1 = 1.744000 P1 = 2.94888
P2 = 2.559690 P2 = 4.35889
P3 = 2.95136 P3 = 5.02734
P4 = 3.11085 P4 = 5.29481
P5 = 3.17175 P5 = 5.39502
P6 = 3.19445 P6 = 5.43167
P7 = 3.20283 P7 = 5.44495
P8 = 3.20592 P8 = 5.44975
P9 = 3.20705 P9 = 5.45148
P10 = 3.20747 P10 = 5.45211

>

In the following table the columns contains respectively the indexes, the solution of
phi(c)=1, the time needed to obtain ¢ as well as the fixed point of the functions

> print(t);

4 c ido fizpont

1 0.6014731621 0.016 3.207470869

2 0.9649698547 0.031 5.452106877

>
Comparison of the distance between the images of two points with a constant multiple
of their distance

> for k from 2 to 3 do

#cc:=0.06:

#print (k-1);

plot3d(psilk-1] (c[k])*abs(x-y), x = c[k] .. 50,

y = clk] ..50,axes=BOXED) :

plot3d(abs(Phi[k-1] (x)-Phi[k-1](y)),x = c[k] .. 50,

y = c[k] .. b50,axes=BOXED):

plot3d([abs (Phi [k-1] (x)-Phi [k-1] (y)), psilk-1](c[k])*abs(x-y)],
= clk] .. 50, y =cl[k] .. b50,axes=BOXED):

od;

>
Comparison of the differential rate with the appropriate value of the derivative

> for k from 2 to 3 do

plot3d(psilk-1](c[k]), x = c[k].. 50, y = c[k] .. 50,axes=BOXED):
plot3d(abs((Phi[k-1] (x)-Phi[k-1](y))/(x-y)), x = c[k] .. 50,

y =clk] .. ©50,axes=BOXED):

plot3d([abs((Phi[k-1] (x)-Phi[k-1] (y))/(x-y)), psilk-1]1(c[k])],

x =c[k] .. 50, y = c[k] .. 50,axes=BOXED):

od;
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: Plot of ¢; | — y|

Figure 3

Plot of the distance |®; (z) — P4 (v)] .

4

Figure
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Figure 5: The plot of the above two configurations.

[1(2)=®1(5)]

Figure 6: Plot of ; (¢;) and plot of the ratio =
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